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Functions of Three Real Independent Variables. 

By Henry Livingston Coar. 



CHAPTER I. 
Simultaneous Limits. 

1. Definitions. — Let u =:/(x, y, z) be a function of the three real independent 
variables x, y, and z, and let u be completely defined and single valued for all 
values of the variables^ that is to say^ u shall have one and only ooe definite value 
for each set of values of the variables x, y, and z. If {xq, y^y Zq) ^^ ^^^^ ^ ^^ ^^ 
values of the variables^ then these may represent the coordinates of a point in 
space of three dimensions. For such values (xq^ yo> ^) ^^^ function /(x, y^ z) will 
have a definite value which we shall denote by /(xo; y^j z^> It will be convenient 
to call/(a:o, yo> ^o) "t'^® value of the function at the point {7^^ y^^ a^,)". 

We must now define limiting values and limits. We say that x^ is a limiting 
value of the variable x, if there exist values of x in every neighborhood of xo- 
This may also be expressed by saying that the values of x are dense at Xq. 
Similarly^ if x^ y^ and z are dense^ respectively, at Xq, y^j and ssq, then (xq, y^y z^ is 
a limiting value of (x/y, z). In this case (x, y^ z) may approach (xq, y^^ z^ in 
any one of three different ways, or, to use the language of geometry, the point 
(x, y, z) may approach the point (xq, y^^ zq) in any one of three different ways. 
First, we may let each of the variables vary by itself, that is, we may regard 
any two of the variables as constant and let the third vary. Secondly, we may 
let two of the variables vary simultaneously while we regard the third variable 
as constant. Lastly, we may let all three variables vary simultaneously. These 
three different kinds of variation of the variables give rise to three different 
kinds of limits. 

Before defining these let us recall briefly the different kinds of limits we 
may have in the case of a function of two real variables, namely, single limits, 
double limits, and simultaneous limits. These are defined as follows, Xq and ^o 
32 
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being in every case the limiting values of x and y, respectively. We say that 
the single limit lim /{x^ y) exists and equals A^ if having chosen an arbitrarily 

small <T >► 0, we can then find a 5 > 0, such that | /(x© + 5, yo) — -^ I <C ^* ^® 
say that the double limit lim lim /{xyy) exists if each of the following 

x = Xo y=yQ 

limits exists: lim /(x, y) = ^(x, y©) ^^^ ^i™ -^ (a^> yo) = -^(^> yo)- Lastly 

y = yo x = xo 

we say that the simultaneous limit lim /(x, y) exists and equals J., if having 

X=:Xb 

chosen an arbitrarily small a^Oj we can then find a j >* 0^ such that | /(xq+^i^ 
yo+^) — -^ I <C ^f ^^^ every pair of values (5i, 5^), where 5i and 82 are indepen- 
dent of each other and satisfy simultaneously the inequalities | di | = <Cd^ I ^2 1 = <C^* 
We shall now define the different kinds of limits for a function of three 
variables. In what follows the values x, y, and z are supposed to be dense at 
Xo, yo, and a^, respectively. 

(1) We say that the limit lim lim lim /{x,y,z) exists if the 

X = xo y = yo z=Zo 

following single limits exist: lim /(x, y, z) — F{x^ y, jsq), lim F{Xy y, Zq) = 

2 = 2^ y=yo 

^1 («i Vof «o), a^d lim Fi (x, yo, «o) = F^ (x^, y©, «o). We call the limit lim 

» = Zq a5 = a^ 

lim lim /{xyy^z) the tnp& Z»m<. 
y = yo 2 = «o 

(2) We say that the limit lim lim /(^, y^^) exists, if the single 

X = Xo = 25o 

y = yo 

limit lim /(x, y, «) = J^ (x, y, 2o) a^^^ tl^^ simultaneous limit lim F{x, y, Zq) 
z=:Zq x = a^ 

y = yo 

= i^j (xo, yo, «b)i ^^'^ exist. The limit lim lim /(x^y^z) is defined in an 

Z = Zq X = Xo 

y = yo 

analogous manner. Each of these limits is called a double simultaneous limit. 
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(3) Finally we say that the limit lim /(x, y, z) exists and equals j1, if 

y = yo 

Z ^:= Zq 

having chosen at pleasure a <; ^^ 0, we can then find a j >' 0^ such that 

« 

I /(a!6 + 5i, yo + ^, 2o + ^)— -^ |< <^ 

where j^, ^, and ^, are independent of each other and satisfy simultaneoosly the 

inequalities 1 3i | <5, 1 5^ | < 5, | is I S^- The limit lim /(a?, y, z) is called Oie 

aj = fiCo 

eimultaneous limit in three variables. z =^Zq 

In any discussion of limits we must distinguish clearly between the value 
of a function at a point (xo, yo^ Zq) and the limiting value of the function as {x^ y, z) 
approaches {x^^ yo, Zq). The former is dependent simply upon the value of 
{xq, yo; s^)f while the latter depends only upon the values of the function in the 
neighborhood of the point (c£^, yo, 2^) and not upon the value of the function at 
{xof yof ^)f fts is apparent from the following example. 

Example.— Let /(sc, y, 2) = x* + y* + a? for all points excepting the origin^ 

where the value of the function shall be unity. Then lim /{x, y^ z) = 0, while 

aj = 

y = 
/(0,0,0)=1. 2=0 

2. Properties of simultaneous limits. — It is evident that we may let {x^ y, z) 
approach (xq, y^^ zq) in an infinite number of different ways, and, moreover, that 
we may let it do so simultaneously. We must therefore meet the question as to 
whether we shall always obtain the same limiting value of the function if we let 
the variable approach the limiting value in different ways. The following 
examples show that different approaches may give rise to different values of the 
limiting function. In every case we suppose that the approach is a continuous 
one. 

mcampU 1 . Let / (a, y, z) = ^~%~^ 

Now let x^=2t, y=. Zt, z = At, so that x, y, and a will approach zero simulta- 
neously, if we let t approach zero. Then 

,f ^_ Ae—9f—Ue _ 21 
/l«,y,2;-4^^9^^ig^ 29' 
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21 
so that in case of this approach lim f{^jyy^)=' — ^* Again let x = <, 

y = — tj and z = 2tj so that 

., V f — f — \f 2 

2 
so that lim / (x, y, 2) = — ^r . 

We see from this example that for the two different linear approaches in 
question we obtain two different values of the limiting function. In this case 
we can therefore evidently not say that the simultaneous limit lim f{x^ y^ z) 

y~o 

2=0 

exists. But even if we should obtain the same limiting value of the function 
for every simultaneous linear approach of (a;, y, z) to (osq; yoy ^)> ^^ cannot say 
that the simultaneous limit will exist^ for it may be possible that we shall obtain 
other limiting values for approaches of higher order. This is illustrated by the 
following example. 

Example 2. Let /(«, y, z) = ^^^^-±1 . 

Now let X = a^, y = W, z = c<, where a, J, and c may have any values whatever, 
so that this will give us any linear approach. Then we have 

^/ X abf + ct dbt + c 

so that lim /(», y, 2) = — 1, which is the limiting value for every linear approach. 
<=0 

Now let a = <, y = «, 2 = ^, so that 

so that this quadratic approach gives us an infinite value of the function. 

The reason why we obtain different limiting values of the function in the 
above examples is to be found in the fact that the limiting value of the function 
depends only upon the values of the function in the neighborhood of the point 
(Oj Oy 0) and not upon the value of the function at the point (0, 0, 0). We are 
now in a position to state and prove the following theorem. 
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Theorem 1. — ^The necessary and sufficient condition that the siiauitaneous 
limit lim /{Xy y, z) shall exist is that we always obtain the same definite 

Z=Zo 

limiting value A of the function^ no matter in what manner (x^ y^ z) approaches 
{x^j y^ Zq) simultaneously and continuously. 

The condition is necessary^ that is to say, if the simultaneous limit lim 

X-=Xq 

y = yo 

z -^z^ 
f{Xy y^ z) exists and equals A\ then, no matter how x^ y^ and z approach (xq, yo> %) 
simultaneously and continuously, we always obtain the same limiting value of 
the function, namely A. Let x = 4» (^), y = i// {i)y and z'='% (0> where ^,'4^, and % 
are continuous functions of t. Then as t approaches <o, we have in the limit 

Making these substitutions in the original function, we obtain 

/('.y,**) =/[*(<), ^(«),;k(OJ. 

Our conclusion asserts that lim f\^ (^), i// (<), x (01 ^^ ^- 

Suppose that this is not so. In that case we can choose at pleasure a <; >' and 
can then determine a S^ >^ 0, such that 

|/[^(«. + «),4(<o + «),;k(<o + «)-^I><', (1) 

where h^\ But since 4», >j/, and x ^^^ continuous functions of <, we have 

^ih + ^) = ^{k)+K=x^ + K 
4'(«o+5)=4'(<o) + 5, = yo + «2, 

where | Ji | , | ^s | , and | ^ | can be made as small as we please by making h suffi- 
ciently small. We can therefore make each of the j's less than? which we do. 
Substituting these values in (1), we obtain 

This contradicts our definition of a simultaneous limit, since | Ji|^^i|^|^?i 
I ^8 1 ^^- Hence the condition is necessary. 
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The condition is also sufficient. In this case we have 

lim /m\^{t),x{m=^. 

and we must prove that 

\/{^ + ^u Vo + ^3, ^ + 5s) — il|< a. 
If this is not true we shall have 

and hence 

which contradicts the hypothesis. 

It was not necessary to express everything in terms of the new parameter t 
The substitution z = jF(a, y), continuous in (cc, y) together, and y = -Fl (a;), con- 
tinuous in x^ would have let us express everything in terms of x, and the nature 
of the proof would remain imchanged. 

The theorem just proved is especially useful in enabling us to decide when 
the simultaneous limit does not exist, as is shown by examples 1 and 2 of this 
section. 

Theorem 2. — If the simultaneous limit lim /(x, y^ z) exists and equals A^ 

x — x^ 

then we must aIso have : 

(a) lim /(x, y, z^) = lim /{x, y^, z) = lim /(are, y, z) = A. 
aj = aJb x=^Xq y = yo 

y = yo 2=«b 2=zo 

(6) lim /(a?, yo, z^) = lim /{xq, y, z^) = lim /(arc, y©, z) = A. 
x = Xo y = yo » = «o 

Oase (a). Let z = i^ (x, y) = Zq. Then, since the simultaneous limit 
lim /{xj y, 2) exists, we have (by theorem 1), when we select the definite 

y=yo 

approach g = i^(a;, y) = a^,, 

|/[a:,y,^(a:,y)]-^|<<T 

or I /(a:,y,ab) — -^1 <<y, 

which proves the truth of the statement. In a like manner we prove the theorem 

for the other limits. 
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Oase {b). Let y = if/ (^) and z::=x (O9 where ^ and x O'l^ continuous functionB 
of t and where we also have 

This, therefore, gives us a definite manner of approach, and since the simultaneous 
limit exists by hypothesis, we have (by virtue of theorem 1) for this approach 

or I /'(a,yo, 8^) — ^|<<y. 

This proves the theorem. The proof for the other limits is similar. 

The converse of theorem 2 is, however, not true, as is evident from the 
following examples. 

Example 3. Let /(x, y, z) = -^-^^^. 

In this example we have 

lim /(x,y,0)=lim /(a?,0,2) = lim /(0,y,«) = 0, 
x=0 x=:0 y = o 

y = z =0 2j =0 

but the simultaneous limit lim /{x^y^z) does not exist; for let yz:zz:=tnx. 

x=0 

y = o 

Then we have 2=0 

which may assume all values between and 1/3, as m varies from to 1. 

Example 4. Let /(», y, z) = -^^-^. 

In this example we have 

lim /(x,0, 0) = lim /(0,y,0) = Um /(O, 0,2) = 0, 
x=0 y=:0 z=0 

but the simultaneous limit lim f{x,y,z) does not exist; for let y = z = fna;. 

z=0 
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Then we have 

y=0 

z=0 
for this approach. Again, let y=.z^a?. This approach gives us 

2=0 

The simultaneous limit^therefore^ does not exist by virtue of theorem 1. In this 
example we obtain the same limiting value for every linear approach, but not 
for every other approach. This emphasizes the importance of examining all 
possible approaches when we wish to see if the simultaneous limit exists. 

In theorem 2 we have shown that from the existence of the simultaneous 
limit in three variables follows the existence of certain single limits and also of 
certain simultaneous limits in two variables. We might, therefore, infer that in 
this case the following limits also exist : 

(a) lim lim /(x, y, 2o) = lim lim /(«, y, 2^,) = lim lim /(», yo, «) = 

aj=a^ y=yo y=yo ^=^0 ^=^ «=ab 

lim lim /(a?,yo,«) = li™ li^a /(aco,y,2) = lim lim f{x^yyZ) = A 
z=:zq x=Xo y=yo z=Zo z=Zq y=:y^ 

(h) lim lim lim /(a;, y, z) = lim lim lim /(a;, y, z) = etc. = A. 
x=iro y=yo 2=ab »=«b «=ao y=yo 

(c) lim /(», y, Z6+61) = lim /(a, yo + ^g, 2) = lim /(xo+cs^y, 2), where 6„ Cs 
«=jro x=a\) y=yo 

y=yo 2=Za 2=2^ 

and €8 ™Ay ^ arbitrarily small. This inference is, however, not warranted, as 
is shown by the following examples. 

Example 5. Let /(x, y, 2) = 2 sin l/ay. 

In this case we always obtain the same limiting value zero at the origin, no 
matter in what manner x, y, and 2 approach simultaneously to (0, 0, 0); hence 



'" »" = — '^^ — ' ^ • *• ^* ^fr ' ■■'I'lM^g^i—^^^'^^w^'^r'F"^— —^wi^^— ^—Pii^>» 
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the simultaneous limit lim /{x, y, z) exists, by theorem 1. It follows from 

x=0 

y=o 

z = 
theorem 2 that 

lim /(a:,y,0) = lim /(a:, 0, 2) = lim /{0,y,z) = 0, 
x=0 x=0 y=0 

y=0 2=0 2=0 

and also that 

lim /(x, 0,0)= lim /(0,y,0)=lim /(0,0,z) = 0. 
a:=0 y=0 z=0 

But the limits under (a) do not exist, for lim lim z sin 1/xy has no meaning. 

a;=0 y=0 

The same example also shows that the limits under (&) need not exist, for 

lim lim lim z sin 1/xy has no meaning. The existence of this limit would 
2=zO a:=0 y=0 

namely imply the existence of the limit lim lim z sin 1/xy. This, however, 

x=0 y=zO 

does not exist, for if we let z= 2, then the limit lim lim z sin — may assume 

a;=0 y=0 ^y 

any value between +2 and — 2. This example therefore shows that the exist- 
ence of the simultaneous limit in three variables is not suflScient for the existence 
of the limits under (a) and (b). In the following example none of the limits 
under (c) exist. 

Example 6. Let /{Xyy,z)=^x sin 1/y sin 1/z. 

Here the simultaneous limit lim /(x^y, z) exists, but the limit lim lim e sin 1 Jy 

x=0 y=0 2=0 

y=zO 

2=0 

sin 1/z has no meaning, since it may assume all values between + b and — e. 

The converse of theorem 2 is also not true, that is, the simultaneous limits 

lim /(sc,y, 2), lim /(a^, y, 2), etc., may exist for every x, y, and 2, respectively, 
x=Xq y=yo 

y—y^ ^ =2o 

in the neighborhood of [x^, y^, 2o), without necessitating the existence of the 
simultaneous limit in three variables. Likewise the single limits lim /(«, y, 2), 

etc., may exist for every pair of value (a:, y), (a, 2), (y, 2), in the neighborhood 
33 
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(^; yo; 2o); while, nevertheleBs^ the simultaDeous limit in three variables does not 
exist. We show this by means of the following example. 

Example 7. Let f{x, y, z) = ^^^^^ . 

The following simultaneous limits exist: 

lim /(ar, y, z) = lim j^rfl.^ = 0, when z = 0, 

y=o y=0 

lim /(x, y, z) = lim -j^~^ = 0, when z :^ 0. 
x=0 a5=rO^ + 2r 

y = y=0 

We see at once from the symmetry of the function that the other simultaneous 
limits in two variables also exist and equal zero^ but nevertheless the simul- 
taneous limit in three variables does not exist^ as has already been shown. In 
the case of this example the single limits also exist and are all equal to each 
other^ namely^ 

lim /(an, y, z) = lim -^ = 0, when y = and z == 0, 
x=0 x=0 





im /(x, y, z) = lim -3 nrT^s = 0, when y = and a :^ 0, 
;=0 x=0^^^ 



lim 

X 



lim 

X 



xyz 



im /(x,y,2) = lim ^ . ^ , ^8 = 0, when y :^ and g :^ 0. 
:=0 35=0 ^ ' 



From the symmetry of the function we see that the other single limits also exist 
and equal zero^ but the simultaneous limit in three variables does not exist. 

In theorem 2 we have deduced the existence of certain limits from the 
existence of the simultaneous limit in three variables. The following theorem 
takes us a step further. 

Theorem 3. — If the simultaneous limit lim f{x^y^z) exists and equals J., 

x=x^ 

y~y^ 
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and if also 

lim /{x, y, z) exists for every z ia the neighborhood of Zq^ 

lim /(x,y,2) ^^ '^ y '^ ^^ y,, 

X=Xq 

lim /(x,y,z) ^^ " X " " a%, 

then we have 

lim /(a;,y,a)=lim lim /(x,y,2;)=lim lim /(a;,y,z)=lim lim f(x^y,z)=A. 

y=yo «=2o «=ao y=yo 

2 = 20 

Since by hypothesis the simultaneous limit in two variables exists^ we have 

lim /(x, y, z) = F(xb, yo; »), where however F{x^, .%, ») need not equal /(a^, y©, «)• 
a;=a% 

y=yo 

Hence 

I J^(a:o, yo, 2) — /(iPo + *i, yo + K «) |< <^; (1) 

for every 2 where ao<25=2o + ^ and|5i| <|5|,|52|<|5|,|58|«|^| simultaneously. 
Since^ also by hypothesis^ the simultaneous limit in three variables exists and 

equals A^ we have 

|/(a?o+«'i,yo + «'8,«)— ^|<<T, (2) 

for every value of z where 2b< « <«b + *'8, and|5M <|«|,|y2|<|«|,|y8| = |3| 
simultaneously. Now let | ^i | < 1 5'i | , | ig | < 1 5', | , | Jg | < 1 5's | ; then we have 

|/(a^o+«i,yo + ««,2)— -4|<<y, (3) 

for every value of «, where zb<C^£^"l" V ^e niay therefore add (1) and (3) 

and thus obtain 

\F{x^,y^,z)—A\<:2a, 

for every value of 2, where z^'^z'^z^ + h^. Hence 

lim F(x^, yo, z) = A] 
z — zss 

and therefore lim lim f{x^y^z)='A, 

y=yo 



in the neighbor- 
hood of 
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In a similar manner we can prove that each of the other limits in question 
equals Ay and since all these limits are therefore equal to A^ it follows that 
the theorem is true. 

Theorem 4. — If the simultaneous limit in three variables exists and equals 
Ay and if also 

lim f{xj y, z) exists for every pair of values (y, z)" 

lim /(x,y,2) " " '' ^^ '' (xyz) 

y=y(i 

lim /{xyyyz) " ^' - - - {xyy) 

Z = Zq 

m m 

then we may also interchange the order of limits and have 

lim /{xy yy z) = lim lim /{xy y, z) = lim lim /(a, y, z) = etc. = A. 

X^=^Xq z^=^Zq X^=^Xq X=^XqZ=^ Zq 

y—yo y—y^ y—y^ 

Z =Zb 

The proof of this theorem is similar to that of theorem 3. Since by hypo- 
thesis the single limits exist, it follows that lim /(ar, y, z) = F{xy yy Zq), for 

z — z^ 

every value of (a, y) where ajb<x<aro + 5i, and yo<y^yo + ^2; a^d|5i|<|5|, 
|^i|<|j| simultaneously. Hence 

\n^, y, ^)-/(«, y, 2o + «8)l<<r, l^.l^|5| (1) 

Since, furthermore, the simultaneous limit in three variables exists and equals Ay 

we have 

\f{x,y,z,-\-h',)-A\<,a, (2) 

for the same a and every value (x, y) where x^<^x<Xq + h\y and yo<^yS yo+ ^'2; 
and |5M = |5|, 1^21 = 151,15^81 = 1^1, simultaneously. Now let |5'i| = |«i|, 
1 5'j I = 1 5, 1 , 1 ^3 1 = I is I ; then (1) and (2) will hold for the same ^s, and we may 
therefore add these inequalities and obtain 

\F{xyyyZo)-A\<2ay 

for every value (x, y) where Xq<^x<xq + Siy and yo <C y = 2/0 + K and where 

ii > and ^2 > 0. Hence 

lim F{XyyyZQ) = A; 

X = Xq 

y = yo 

and therefore, lim lim /(ar, y, z) = A. 

X^^Xq Z ^ Zq 
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In a similar manner we establish the truth of the other limits and our theorem 
is proved. 

3. Regular Points. Oscillaiion of a Function at a Point. — In the preceding 
sections we have been interested only in the question of the existence of 
the simultaneous limit in three variables at the point (xq, yo, Zq), but we 
have not said anything about the value of this limit. It was pointed out 
that the value of the limit depends only upon the value of the function in the 
neighborhood of the point and not upon the value /{x^^ yo? ^^o) of the function at 
the point {xq, j/qj Zq). Now it may happen that the value of the simultaneous 
limit equals the value of the function at the point, that is lim /{x, y, z) 

X ^^ Xq 

y = yo 

Z =Zo 

=/(a-o, yo, Zq). In this case we may say that the function f{x, y, z) converges 
regularly for the value {x^, yo> ^o), or, in the language of geometry, that (xq, yo> ^) 
is a regular point of the function. It is evident that at such a point the function 
is continuous in all three variables taken together, for the condition lim /(x, y, z) 

X=Xo 

y = yo 

Z =Zo 

=/(a;o, yo) ^) is exactly the condition that /{x, y, z) is continuous in all three 
variables taken together. It follows at once from theorem 2 of section 2 that, if 
/(Xy y, z) is continuous in all three variables taken together, then it is also con- 
tinuous in any two of the variables taken together, and is also continuous in each 
variable by itself. The converse of these statements is however not true, as is 
seen from examples 3 and 4 of the preceding section. 

If the simultaneous limit in three variables does not exist at the point 
{xq, yo, Zq), then we call the point an irregular point of the function. For any 
continuous approach of (x, y, z) to such a point, one of two things must happen. 
In the first place we may obtain two different limiting values of the function for 
two different simultaneous approaches of (x, y, z) to (xq, yo, Zq). In this case 
we say that the function has a discontinuity of the first Mnd* at (xq, yo, ^o)* ^X" 
amples of such functions have been given in the preceding section. In the 
second case we may not obtain a definite limiting value of the function at all for 
any simultaneous approach of (x, y, z) to (xq, yo, Zq). In this case we say that the 

*Cf. Dini : Grnndlagen fiir die Theorie der Fnnktionen einer yeranderlichen reeUen Grdsse ; page 51. 
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function has a discontinuity of the second Tdrnd* at the point {x^^ y^^ z^. Thus 
the function sin 1/x + sin l/y + sin 1/z has a discontinuity of the second kind at 
the origin. At such a point the function may be continuous with respect to each 
variable alone or with respect to any two of the variables taken together, though 
it will not be continuous with respect to all three taken together. 

Oscillation of a Function. — Let us construct a sphere of radius p about 

the point (ajo, yo, Zq), and let us denote the upper and lower limits of the 

values of the function within this sphere by M and m^ respectively. We 

then call the difference M — m the oscillation of the function /(ar, y, z) 

within the sphere with respect to (a:, y, z) taken together. The limit of 

the oscillation, as p decreases indefinitely, we define as the amount of the 

discontinuity of / (a?, y, z) in (x, y, z) together at the point (a^, y^, Zq). 

If, therefore, M — m = i, then lim k is the amount of the discontinuity of 

p = 

/(«, y, z) in (a:, y, z) together at (xq, y©, Zq), or simply the (x, y, z) discontinuity 

of /(a:, y, z) at {xq, yo, Zq). From the definition follows at once that at a regular 

point the limit of the oscillation, as p decreases indefinitely, is zero and conversely, 

if at (ajo, yo, ^b) lina i = 0, then the point is a regular point. If, however, 

p = 

lim & =^ 0, then the point in question is an irregular point. Now we have just 
p = 

seen that we may have two kinds of irregular points. In future we shall always 

call lim Jc the amount of the discontinuity in each of the two cases. The Ger- 
p = 

mans call this "Sprung^\ 

Example 1. Let /(a, y, z) = ^^^_^^ , where /(O, 0, 0) = 0. 

This function is continuous in each variable alone at the origin, but the limit of 
the oscillation in all three variables taken together is 1/3 at (0, 0, 0) ; hence the 
function is discontinuous with respect to {x, y, z) taken together at this point. 

Example 2. Let /(a?, y, z) = ^^IT^-^r? > "^^^^^ /(^^ ^y ^) = ^' 

This function is continuous in each variable by itself at (0, 0, 0), but it has at 
this point an infinite discontinuity in all three variables taken together. 

*Cf. Dini: Grnndlagen fiir die Theorie der FnnkUoDen einer veranderlichen reellen Grosse; page 51. 
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4. Interchange of the Order of Limits. — In investigatiDg certain questionB, 
such as the interchange of the order of differentiation and integration, it 
is very necessary to know under what conditions we may interchange the 
order of sequence of the double and triple limits to be considered. In the 
case of a function of two variables it is only necessary to investigate under 
what conditions lim lim /(sc, y) = lim lim /(a, y). In the case of a 

a = »o y = y y = y « = a^o 

function of three variables, however, there are six possible cases, but there is 
considerable similarity among these, so that we need not give an extended 
proof in every case. For the sake of convenience we shall always take the 
origin as the critical point, which we may do without loss of generality. 

Case 1. The necessary and sufficient condition that 

lim lim /(a, y, z) = lim lim /(a:, y, 2) = J. 
a;=Oy = yz=Oa; = 

2=0 z=0 

is that 

(1) lim /(x, y, z) = ^(a;) exists for every x^Qy 

y=o 

a = 

lim /(x, y, z) = '4' (y, 2) exists for every y =^ and every 2 :^ 0; 
x = 

(2) lim '^{y,z) = A] 
y = 

z =0 

(3) that there shall exist a set of pairs of values (y<, 2^), dense at(y = 0, 2= 0), 
and corresponding to each pair (y<, Zj) for which the absolute value | ^/(yi + 2^) | <1 ^^ 
where r > is some fixed quantity, there shall exist an interval (0, hij j) greater 
than zero, which may however vary with (y^, 2»), such that for every value x of 
this interval we have 

I /(x, y<, 2fc) — ^ (a;) |< <t, where <x < 5„ k, 

and (T is an arbitrarily small positive number. 

Considered geometrically we wish to determine the conditions under which 
the limit taken along PEO will equal the limit taken along PAO (see figure 1). 

The geometrical interpretation of conditions (l) and (2) is at once apparent 
from the figure. Condition 3 asserts that corresponding to every point within a 
circle of radius r about the origin in the FZ-plane there must exist an interval 



258 



Coar: Functions of Three Real Independent Variables. 



hiyic'=^ (yR=^ OKy such that the value of the function at any point of O^R shall 
differ from the value of the function at any point of OK hy as little as we please. 
Proof. We shall first show that the condition stated is a necessary condi- 
tioUy hence our hypothesis is 

lim lim /{x, y, z) = lim lim /(x, y, z) = A. 
x = y = y = a; = 

2=0 2=0 




Fio. 1. 



If this is so^ then we have at once 



(1) 



(2) 



lim /(a, y, z)=^ (x), when x^O, 
y — 

2=0 

lim f{xj y, z) = ^(y, 2), when y =^ and 2 :^ 0; 
ic=0 

lim '4' (y? 2) = -^; aiicl lim ^(a?) = ui; 
y = a = 

2=0 



so that the first two conditions of our theorem are fulfilled. Now, since 

lim ^ (x) = A^ we can choose an arbitrarily small a > and can then find a h 
ar = 

greater than zero, such that 



|^(a;) — ii|<l/3(r, where 0<ar<5. 



(a; 
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Since we also have lim 4^ {y, z) = A, we can choose the same a and can then 

y = o 

z =0 
determine a ©i ]> and a 63 >• 0, such that 

M — '^(yo2jfc)|<l/3(T, where 0<y<eiand 0<:^z<B^. (5) 

But we have also lim /(x, y<, z^^) = 4^ (y<, z^^), hence with the same a we can 

determine a 5,, » >• 0, such that 

I "^ (Vh ^k) — /(aJ. yiy 2*) |< 1 / 3 (T, where 0<x<8i,„. (c) 

Now let i<, ^fc be the smaller of the two intervals 8 and 5„ ^t, and add (a), (5), and 
(c). We then obtain 

I ^ (aj) — /(», y<, 2*) I < (T, where < a; < 5,, ;t, 

and this holds for every yt and 2^^ different from zero ; hence it will hold for a set 
of pairs of values (y, «), dense at y = 0, z = 0, which proves our assertion. 

We must now prove that the condition is also sufficient. We suppose there- 
fore that the conditions (1), (2), and (3) of the theorem hold. From condition 2 
follows at once that^ having chosen an arbitrarily small a^O, we can determine 
a 01 >• and a ©^ >• 0, such that 

I'^iViy 2*) — -^|<l/3<^, where 0<yi<ei, and 0<Zf,<e^. (a) 

From condition (3) follows that, having chosen the same cr, we can find a 5^, ^fc >• 0, 

such that 

\<l>{x)—/{x, yi, Zfc)|<l/3(T, where 0<a5<5i,ib, (5) 

and where {yt, Zu) is a pair of values of our set. From condition (l) we finally 
have that for the same a, we can find a 5 >• 0, such that 

\A^7 yu ^k) — '^{yu Zifc)|< 1/3(T, where 0<a;<5. (c) 

Now let 8i, jb be the smaller of the two quantities S and St, k} ^^^ ^^^ {p)j if)j ^^^ 

(c). We thus obtain 

^(a) — -4.|<a, where 0<a;<5i,jfc. 



Hence lim ^ (sc) = A. But we have by hypothesis that ^ {x) = lim /(«, y, 2), 
x=0 y = 

2 = 

hence lim lim /(x, y, 2) = A, which proves the theorem. 
jc=0 y=0 

2=0 

34 
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In the above theorem no mention was made of the simultaneous limit in 
three variables; in fact, the theorem enables us to decide when we can inter- 
change the order of sequence of limits even when the simultaneous limit in 
three variables does not exist. 

Example 1. Let /(a;,y,g)= ^^^^ , ^ , where /(0,0,0)=0. 

Here lim lim ^ , ji , ^ = and lim lim zjr~7j&-r-ji = 0* though the 
a:=0y=0^ + 2r' + '^ y=0^^0^ + 2r + ^ 

2=0 2=0 

simultaneous limit lim /{x^y^z) does not exist. 

x = 
y = 

2=0 

Case 2. The necessary and sufficient condition that 

lim lim /(x, y, z) = lim lim /(x, y, z) = -4, 
a5 = y=0 y = x = 

2 =0 2 =0 

is that 

(1) lim /(«, y, «) = ^ (a:) for every X :^ 0, 
y = 

2 =0 

lim /(a?, y, 2) = '4' (y) for every y :^ ; 
x = 

2=0 

(2) lim ^{y)=A; 

y — Q 

(3) that we have a set of values y^y^^y^j dense at y = 0, and corre- 
sponding to each y^ from some y on a region (0<x<yn, 0<2<y'J of area 
different from zero, which may however vary with y„; such that 

|/(a?,y.,2)— ^(x)|<(T, where 0<x<h'^, and 0<2<5"„. 

Considered geometrically, we wish to determine the conditions under which 
the limit along PEO equals the limit along PDO (see figure 2). The geomet- 
rical interpretation of conditions (1) and (2) is at once evident. Condition (3) 
asserts that the value of the function at any point of RSTU shall differ from 
the value of the function at any point of 0(7 by as little as we please. 
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Proof. The proof is similar to that of case (1). The condition is neces 

sary ; for if 

lim lim /(a;, y, 2) = lim lim /(a, y, 2) = -4, 
a;=Oy = y=Oa;=0 

2=0 2 =0 

then surely conditions (1) and (2) must hold, and we shall have 

lim lim /(«, y, 2) = lim ^ (x) = A. 
X— y = 



a; = 



2=0 




FiO. 2. 



Hence we can choose at pleasure a positive number a and can then find a ^ > 0, 

such that 

l^(aj) — ii|<l/3<T, where 0<a;<J, (a) 

Since lim '^ (y)=^; we can take the same a and can then find a d> 0, such that 
y = 

^ — '^(yJK 1/3<T, where O<yn<0, (b) 



where y^ belongs to our set. Finally since lim /(a,y»,2)='4/(y„), we can take 

x=0 
2 =0 



the same a and can then find a j'„ > and a h^'^ ]> 0, such that 

I'J'Cyn) — /(a:,yn,z)|<l/3(T, where 0<a;<y,, and Q<z<h\. 



(c) 
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Let J'n be the smaller of the two numbers h and i'^- We can then add (a), (5), 
and (c), and obtain 

I ^ (a:) — /(x, y„, 2) |< (T , where < a: < 5'„, and < z < 5'^, 

for every x and z within the region. 

The condition is also sufiBcient; for we have from (2) that, having chosen an 
arbitrarily small cr >• 0, we can then find a d >• 0, such that 

|^(yJ—-4|<l/3(T, where O<y,<0, (a) 

where y^ belongs to our set. From (1) we have that with the same <T we can 
determine a h* and a hf'^ each greater than zero, such that 

I /(x/y,, z) -'^(yjK 1/3 or, (5) 

where 0<[a:<y and 0<z<5", and y„ is some number of our set. Finally we 
have from (3) that with the same a we can find a 5'n ]> and a h"n > 0, such that 

I ^ ix) —fix, y„, 2) |< 1 /3 (T , (c) 

where < a; < 5'^ and < 2< «"«• Suppose now that 5'„ < 5' and S\ < «''. We 
can then add (a), (&), and (c), and thus obtain 

\^(z) — A\<c, where 0<a<5'„, 

and hence it follows that lim ^ (a;) == A. From this we have at once that 

x=0 

lim lim /(a, y, 2) = A, which proves the theorem. 
35 = y = 
z = 

0!i«e 3. The necessary and suflScient condition that 

lim lim /(x,y,z)=lim lim f(x,y,z)=A, 
y=0a; = x = Oy = 

z =0 2=0 

is that 

(1) Una /(x, y, z) = ^ («, z), where a; :^ and z ::^ 0. 

y=o 

lim /(a;, y, z) = '4' (y, 2), where y :^ and z ::^ ; 
aj=0 

(2) lim '4/(y,z)=^; 

y=o 

a; = 

(3) that we have a set of pairs of values {yiyZf^) dense at y = 0, z = 0, and 
corresponding to each pair for which the absolute value | ^/(y^+2|) I ^ ^; where 
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r is some 6xed positive number, an interval Si,ic different from zero, ivhich may 
however vary with (yi,z*), such that 

|/(a:,yo2A)— '^(a5;2)|<a, 

where 0<^x<Siy,cf aJid 0<^z<z^. 

Considered geometrically we wish to determine the conditions under which 
the limit along PEO will equal the limit taken along PAO (see figure 3). The 
geometrical interpretation of conditions (1) and (2) is at once apparent from the 




Fio. 3. 

figure. Condition (3) asserts that the value of the function at any point of 
i^^^= (yG shall differ by as little as we please from the value of the function at 
any point of OHIK^ boundaries excluded. The proof in this case is exactly 
analogous to that of cases 1 and 2 and is therefore omitted. 

Case 4. The necessary and su£Scient condition that 

lim lim /(ic,y,«) = lim lim f{x,y,z)^=^Ay 
y = Ox = yz=iO x = 

z =0 z =0 

is that 

(1) lim /(cc, j/.z)=q> (y), where y4^0, 
x = 
z =0 

lim /(ar, y, 2) = ^^ (y, z), where y^O and 2 =^ ; 
aj = 
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(2) lim '^{y,z)=A) 
y—Q 

z =0 

(3) that there exists a set of pairs of values (y^, Zj) dense at y = 0, 2 = 0, and 
corresponding to each pair of values for which | V(yf+4)K^, where r is some 
fixed positive number, an interval (0, 5^, *) different from zero, which may how- 
ever vary with (y<, Zj)y such that 

l^(y)— /K Viy ^H)\<<yj where 0<a;<«„*. 

Geometrically we are to determine the conditions under which the limit 
taken along PDO shall equal the limit taken along PAO (see figure 4). In this 




Fio. 4. 



case the proof is exactly analogous to that of the three preceding cases and is 
therefore omitted. 

These four cases are those that involve both simple and simultaneous limits 
in two variables. We have still to consider the cases which involve only simple 
limits. Here we have two possibilities. 



Case 6. The necessary and su£Scient condition that 

lim lim lim /{x, y, z) = lim lim lim f{x^ y, z) 
a; = 0y = 02 = 2=0y = 0a; = 

is that 



=4, 
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(1) 



lim /(x, y, z) = ^i (x, y), where a :^ and y :#: 0, 

2 = 

lim ^1 {xy y) ^ if/j (x), where x =#= 0, 

y = o 

lim /(x, y, z) = ^ (y, z), where y :^ and 25 :#= 0, 
x = 

lim ^, (y, z) = i^s (z), where z :#: ; 
y = 

lim 48(2)=^; 
z=0 

that there shall exist a set of values z^, z^, Z3 . . . . , dense at z = 0, and 

corresponding to each z^ from some z on an interval (0, h^) diflferent from zero, 



(2) 
(3) 




Fig. 6. 



but which may vary with z^ and that there shall also exist a region C'(0<[y <yi, 
0<[z<Z;k), such that 

I '4'! (25) — /(x, y, z) K <T, where <; x < 5» and (y, z) is a point of the region C. 

Geometrically we are to determine the conditions under which the limit taken 
along PCEO equals the limit taken along PAFO (see figure 5). 

Proof. The condition is necessary ; for if 

lim lim lim /(x, y, z) = lim lim lim /(x, y, z) = ^d, 
x=0y=0z=0 z=0y=0x=0 
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then we surely have 

lim lim lim /(x, y, z) = lim lim 4), (aj, y) = lim '^^ (25) = A, 
a; = 0y = 02;=0 x=Oy = x = 

and also 

lim lim lim /(a:, y, 2) = lim lim ^z(yyz) = \\m i|/2(2;)=il. 
2=0y=0x=0 z=0 y=0 z=0 

From these equalities we have at once that^ having chosen an arbitrarily small 
<T > 0, we can then find a 5 >• 0, such that 

|4i(x) — ^|<1/4<T, whereO<x<5. (a) 

With the same a we can also find a 2/^ ]> 0, such that 

|^—42(2)|<1/4<T, where 0<2<C (6) 

Again with the same a we can determine a y';^ ]> and a 2"n> 0, such that 

\'^M — ^t{yy 2)I<1/4(T, where 0<y<y;fcand 0<2<2;V (c) 

Finally we can find a 5„ > and a y< >• and a 2^ > 0, such that 

\^t{y,z)—f{x,y,z)\<^\lAa, {d) 

where < x £ 5„, 0<:^y<yi, and < 2 < Zj^. Now let 5» < 5, y^ < y'jfc, and z^ be less 
than either 2/^ ^ 2/'„. Then we may add (a), (6), (c), and (d), and thus obtain 

This proves that the condition is necessary. But the condition is also sufficient; 

for it follows from (2) that, having chosen at pleasure a <t > 0, we can then find 

a 2* > 0, such that 

|^,(2n) — ^|< l/4a, where 0<2n<2j^. (a) 

From (1) follows that for the same a we can find a y^ > and also a 5 > 0, such 

that 

l<^2(?/ifc, Zn)—M^n)\< 1/4 <T. where 0<yt<y., (6) 

and 

\A^> ytcy 2»)— 4>2(yfc, 2n)|< l/4(r, where 0< x<S. (c) 

Finally we have from (3) that for the same a we can find a 5,» > 0, such that 

I ^i (X) — /(x, yk, 2 J |< 1 / 4 <T, where < x < 5«. {d) 
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Now let 6n be the smaller of S^ and S. Then we obtain by the addition of (a), 
(6), (c), and (d) 

|i;.,(a;) — ^|<<T, where 0<»<5„ 0<y<y„ 0<z<z». 

Hence lim i^/j (x) = -4, and therefore 
x = 



lim lim 4>i (x, y) = lim lim lim /{x, y, z) 
x=Oy=0 x=0y=0z=0 

which proves the theorem. 



= A 




Fio. 6. 



(7a«6 6. This is the last possible case where we have to determine the 
conditions under which the limit taken along PBEO equals the limit taken 
along PCEO (see figure 6). 

We are to find the conditions under which 

lim lim lim /(a, y, z) = lim lim lim /(a?, y, z) = A, 
x=0y = 0z=0 x=0 z = y — 

It is at once evident that this condition is the same as is the condition that 

lim lim /(x^, y, z) — lim lim /(scjfc, y, z) for any »*• 

y=0 2 = 25= y=0 

It is therefore a question of simultaneous limits in two variables which we state. 
35 
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The necessary and sufficient condition that 

lim lim /{x, y, z) = lim lim /(x, y, z) =F(x), 
y = Oz=0 z=0 y = 

for every x different from zero, is that for every such x we have 

(1) lim /(«, y,z)=^ (x, y), where y^O, 

2=0 

lim /(», y, 2) = if/ (x, z), where z =#= ; 

y = o 

(2) lim i|/ (aj, 2) = ^(aj) ; 

2=0 

(3) that for every such x there shall exist a set of numbers yi, y%f ys y 

dense at y = 0, and corresponding to each y of the set an interval (0, St), such 

that 

l^(«; y) — ^i^)\<<^, where 0<2<5<. 



CHAPTER II. 

Pbopebties of Functions of Three Variables. 

6. Gantinuity. — In the case of a function of three variables we may have 
three different kinds of continuity. 

(1) The function /{x,y,z) may be continuous in each variable alone. 
That is to say, if we consider any two of the variables as constant, the resulting 
function of the third variable may be continuous in that variable alone. 

(2) The function /{x, y, z) may be continuous in two of the variables taken 
together. For example, if z is supposed to be constant, the resulting function of 
x and y may be continuous in {x, y) taken together. We say then that the func- 
tion is continuous in two variables taken together, if the simultaneous limit 

lim f{Xj yj z) exists and equals the value of the function at the point in question. 
aj = acb 

y=yo 

(3) The function /(SB, y, 2) may be continuous in all three variables taken 

together. We define this as follows: If about the point (xo,^o;^) ^^ construct 

a sphere of radius p and denote the oscillation of the function within this sphere 

by h^ and if we then have 

lim A;=0, 
p = 
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then we say that /{x^ y, z) is continuous in all three variables taken together at 
the point {xQ,yQ,ZQ). As we have already seen in section 3, the point (a^b^^o;^) 
is in this case a regular point of the function. We may therefore also say that 
/(^fl/f^) is continuous in all three variables taken together at {xQ,yQyS^), if the 
simultaneous limit in three variables lim f^x^y^z) exists and equals /(a^o^yo^^)* 

y=yo 

Z =Zo 

Points at which the limit of the oscillation, as p approaches zero, is different 
from zero have already been defined as irregular points. We may also call them 
points of discontinuity. The value of the limit of the oscillation A; as p 
approaches zero we shall call the amount of the discontinuity. It is at once 
evident that if the function is discontinuous in any variable alone or in any two 
variables taken together, then it cannot be continuous in all three variables taken 
together. It is also evident that if the function is continuous in each variable 
alone, or if it is continuous in any two variables taken together, then it does not 
follow that it will be continuous in all three variables taken together. This is 
shown in some of the following examples. 

Example 1. Let /(x, y, z) = ^^^ ^ ^ where /(0, 0, 0) = 0. 

At the origin this function is continuous in each variable alone and also in any two 

of the variables taken together, but it is not continuous in all three variables 

taken together, for the simultaneous limit lim /(a?, y, z) does not exist. 

x = 

y = o 

z =0 

Example 2. Let /(«, y, z) = -^, where /(O, 0, 0) = 0. 

z 

At the origin this function is not continuous in (x, y) taken together, but it is 
continuous in z alone, since when a; = and y = we have lim xy/z=:0. 

2=0 

But when x^O and y = 0, then lim xyjz becomes infinite. Hence the 

2 = 

function is not continuous at the origin in all three variables taken together. 
Example 3. Let /(x, y, z) = ^^_^ , where f{0, 0, 0) = 1. 
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At the origin this function is continuous in {x,y) together, for when 2 = 0, 

lim /{x, y, «) = 1 =/(0, 0, 0). When, however, z =#= 0, then lim /(a, y, z) = — 1. 
a; = x = 

y=0 y=0 

Hence the function is not continuous in z alone and it cannot therefore be con- 
tinuous at the origin in all three variables taken together. 

Example 4. Let f(x, y, z) = -^r^ , where /(0, 0, 0) = 0. 

xy -|- z^ 

This function is continuous at the origin in all three variables taken together, 
for the simultaneous limit lim /(a, y, z) = 0. 

y = o 

z =0 
In all of the above examples we have dealt only with the continuity of a 
function at a point. In the following section we shall study the question of the 
continuity of a function in all three variables taken together throughout an 
entire region. 

6. (hntinuity of a Function Throughout a Region. — In this and the next 
section we take up theorems that have to do with functions which are continuous 
throughout a region. We shall always assume that the function is singly deter- 
minate throughout the region, but for the present at least we shall not consider 
the behavior of the function on the boundaries of the region. We, therefore, 
define our region as follows : 

a<a</?, a<y<6, 2!o<2<V 

It is not always necessary to consider all values of z within the above region, 
but it is sufficient for many purposes to take into consideration only a set of z's 
which is enumerable and dense s.t z^Zq. Unless, however, something is said to 
the contrary, we shall assume that z takes on all values of the above interval. 
With this understanding we now proceed to prove the following theorems. 

Theorem 1. — If the function /(x, y, z) is continuous in two variables taken 
together and in the third variable alone throughout the region above defined, 
and if (Xq, y^y z^) is any point of the region, then we have 

lim lim /(a;,y, z) = lim lim /(«, y, z) = lim lim f{XjyyZ)-= 
a=Xo z =2o z =Zo x=Xq x=x^ V^-V^ 

y=y^ y=yo z=^ 

lim lim /(ar, y, z) = lim lim /(x,y,z) = lim lim /{x,y,z) =f(XQ,yQ,ZQ). 

y=yo ^=^ y=yo x=xo x=xo y=yo 

Z = Zo 2=2^ Z=Zq 
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Since /(x, y, z) is continuous in {Xj y) taken together, we can consider z as 
constant and shall then have 

lim /(a, y, z) =/{xo, yo, 2), 

X = Xq 

and this will hold for every z of the interval Zo<;z<2;,». But we have by 
hypothesis that /(xq^ y^^ z) is continuous in z alone, when we consider z as 
variable, and hence 

lim /(jTo, yo, 2) =/(ai), yo, 2^)- 

This gives us 

lim lim /(x,y,2) = lim / {xq, y^, z) = / {x^, y^, Zq) , 

which proves our theorem for this case. The other cases are proved in a similar 
manner. 

Theorem 2. — If the function /{x^y^z) is continuous in each variable alone 
throughout the region above defined and if {xq, y^j z^) is any point of the region, 

then we have lim lim lim / (x, y, z) = lim lim lim /(x,y,z)=> 

x = XQy=yoZ = Zo x=XqZ = Zq y = yo 

lim lim lim /(x,y,z)=lim lim lim /(a;,y,2)=lim lim lim /{Xjy,z)= 
y=yoaJ=aroZ=Zo y=yoZ=^ x=Xq z=Zq x=XQy=yQ 

lim lim lim / (x, y, z) =f{Xo, y©, z^). 
z = ZQy=yQX = XQ 

The proof is similar to that of theorem 1. Let us first consider x and y as 

constants; then, since the resulting function of z is continuous in z, we have 

lim /(cc,y,2)=/(a,y,Zo), 

Z = Zq 

and this will hold for every x and y of the respective intervals. But we have 
also by hypothesis that /(x,y,2o) is continuous in y alone, and hence if we 
consider x as constant, we shall have 

lim /(x,y,Zo)=/{x,yQ,Zo), 

y=yo 

and this will hold for every x of the interval a<^x<^p. Finally, since/(a:,yo,Zo) 
is continuous in x alone, we have 

lim f{x,yQ,Zo)=/(Xo,yQ,Zo), 

which proves our theorem for this case. The other cases are proved in a like 
manner. 
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Theorem 3. — If the function /{x, y, z) is, throughout the region a <[ a <C i^, 
a<^y <:;^h^ 2o <! 2 <C Zn; continuous in x alone, y alone, and z alone, and if 
we have a set of values (x, y, z) everywhere dense, in at least a part of the 
given region, in such a manner that they shall be dense at (o:^, y^y Zq) along 
the lines a? = ^Bq, y =: yo, 2 = Zq, where (xq, y^, z^ is one of the limiting points, 
and if we let (sc, y, z) approach (a^o; ^o; ^o) through this set of values in such a 
manner that no two of the variables vary together, then we always obtain the 
limiting value /(xq, y©; ^b). Moreover, if we choose a second set of values (x, y, z) 
which shall be everywhere dense in the same subregion, and dense at (scq, yo, ^ 
along the lines a = x©; y^^Voy 2 = Zq, and let (a:, y, z) approach (xq, yo; ^o) through 
this second set of values, then we obtain the same limiting value /(scq, yo, zb) 
as before. 

The proof of this theorem follows from the fact that the limiting value of 
the function /(x, y, z) at the point (xq, yo, Zq) depends only upon those values of 
the function in the neighborhood of (xq, y^ Zq) through which the function 
approaches its limiting value. Since now by hypothesis no two of the variables 
X, y, and z, are to vary together, the function /(x, y, z) must eventually approach 
its limiting value in such way that two of the variables will be constant, for 
example x = x© and y = yo. Then /(xq, y©, z) is a continuous function of z, and 
hence we obtain the same limiting value /(xq, y^ Zq), no matter through what set 
of points z approaches Zq. This proves our assertion. In a like manner we can 
prove it for the other cases. 

7. Continuity of a Function. — (Continued.) — In this section we shall con- 
sider the number and the nature of the points within a given region, at which a 
function of three variables is continuous or discontinuous in all three variables 
taken together. As before, we shall not consider the behavior of the function 
on the boundaries of the region. 

Theorem 1.* — If the points, at which the discontinuity of /(x,y,z) in 
(x, y, z) taken together is greater than or equal to a given positive number a, 
become dense at (xo, yo, Zq), then /(x, y, z) is discontinuous in (x, y, z) taken 
together, also at (xq, yo, zb), and the (x, y, z) discontinuity at (xo, yo, Zq) is greater 
than or equal to a. 

• Gf. Schoenflless: Goettlnger Nachrichten, 1899, page 187. 
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Id order to prove this theorem we need the following facts. If about the 
point P as center we have a sphere of radius p, then^ as before, we denote the 
oscillation of the function within this sphere by k and the limit of the oscillation 
as p approaches zero by Jef. If now Jc is some positive number greater than A/, 
then it is evident that we can find about P some sphere within which the oscilla- 
tion k of the function is less than A/. On the other hand, if if is some positive 
number less than It/, then we cannot find any sphere about P, such that within 
this sphere the oscillation k of the function is less than K. 

This being established, we can prove our theorem without any difficulty. 

Let Pi(2Ci, yi, Zi), P^ (x„ yg, Zg), be a set of points dense at Pq (^^ yo> ^o)- 

Suppose now that the theorem is not true. If now we construct about Pq as 
center a sphere of radius p, then the limit Id of the oscillation of the function as p 
approaches 25ero will be less than a. We can now find a positive number a' 
satisfying the relation A/<^ a'<[ a. From the facts given at the beginning of the 
proof it therefore follows that we can find some sphere of radius r about Pq, such 
that within this sphere the oscillation h of the function is everywhere less than a'. 

This sphere will surely contain some points of the set Pj, Pg, Pg, since 

these points are dense at Pq. Let P^ be one of the points within this sphere. 
Then at P^ the limit Td of the oscillation of the function is less than o^, that is, it 
is also less than (X, which is contrary to the hypothesis. Hence we are led to a 
contradiction, and the theorem must be true. 

We next define what we mean when we say that a function is poinbwise dis- 
continuous. In this we follow Schoenfliess.* 

If a function /{x, y, z) is discontinuous in (x, y, z) taken together at a finite 
or an infinite set of points, but if at the same time it is continuous in (a;, y, z) 
taken together at a set of points that is everywhere dense in the region in ques- 
tion, then we say that the function is pointwise discontinuous in (x, y, z) taken 
together. 

Theorem 2.* — The necessary and sufficient condition that a function 
f{xy y, z) is pointwise discontinuous in (a, y, 2) taken together is that the points 
at which the amount of the (x, y, z) discontinuity is greater than or equal to a 
are not everywhere dense in any subregion. 

* Of. Schoenflless : Jahresbericht der Deutschen Mathematlker-Vereinignng. Band 8, (1900), page 128. 
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The condition is necessary ; for if the points at which the limit Id of the 
oscillation is greater than or equal to a are everywhere dense in any subregion, 
then the limit Td of the oscillation would be greater than or equal to a also at the 
limiting points, hence this limit Id would be greater than or equal to a at every 
point of the subregion, which is contrary to the hypothesis. 

The condition is also sufficient ; for let us choose a set of positive quantities 

^0 ^ ^^1 1^ ^8 >^ • • • • ^ ^n ^ • • ■ • 

where lim (X^ = 0. 

n= CO 

Corresponding to each of these quantities (T^ choose a set of points P< which shall 
not be everywhere dense in any subregion, and such that at each of the points of 
Pi the amount Jd of the (a:, y, z) discontinuity is greater than or equal to (r<, 
where i =: 1/ 2, 3, . . . . , i, We thus obtain a sequence of sets of points 

-* 0; Pi} P^y Pb) J Pi 

Each of these sets certainly contains all of the points of all of the preceding sets. 
Now, since by hypothesis the points P< at which the amount Jd of the (x, y, z) 
discontinuity is greater than or equal to <y< are not everywhere dense in any sub- 
region, it follows that the points at which Jd <^ai must be everywhere dense in 
every subregion, that is to say, in the whole region. We wish to show that the 
points at which A/ = 0, as n increases indefinitely, are dense everywhere in the 
region. In order to do this, let i2o be a sphere lying entirely within our region. 
Since the points of Pq are not everywhere dense in any subregion, it follows 
either that the sphere Rq contains no points of Pq or that there exists a sphere 
Ri lying entirely within Rq such that it contains no points of P©. Again the 
sphere R^ either contains no points of P^ or there exists a sphere R^ lying wholly 
within Ri which contains no points of P^. Repeat this reasoning. We thus 

obtain a set of spheres Rq, Ri, R^j , -ft„, each lying wholly within all of the 

preceding spheres, and such that the sphere i2„ contains no points of the set 
P^_i. If now we let n increase indefinitely, we obtain a limiting point P at 
which Jd -=-0, and hence at this point the function /(x, y, z) is continuous in 
(a, y, z) taken together. It follows from this that within our region we can find 
no subregion which is free from points at which /(x, y, z) is continuous in all 
three variables taken together. Hence our function can be at most pointwise 
discontinuous in all three variables together. 
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Theorem 3. — If throughout the region a<;a;<[/?, a<Cy<C*i 2o<z<Czn^ 
the function /{x, y, z) is continuous in two variables taken together and in the 
third variable by itself^ then /{x, y, z) can be at most pointwise discontinuous 
in all three variables taken together, that is to say, the points at which the 
(x, y, z) discontinuity is greater than or equal to some positive number h cannot 
be everywhere dense in any subregion. 

Suppose that within our region there exists a subregion 

a'<«</?', a!<y<V, 2'o<«<2'„, 

within which the {xy yy z) discontinuity is greater than or equal to ^ at a set of 
points everywhere dense. Then it follows from theorem 1 that the function 




Fio. 7. 



f{xy y, z) must have an (a, y, z) discontinuity, greater than or equal to h at every 
point of this subregion. Let Pq (a:^, y^y z^ be some point of this subregion and 
consider the plane z=^Zi parallel to the XF-plane (see figure 7). Since /(x, y, z) 
is continuous in (x, y) together throughout the entire region, we can choose at 
pleasure a positive number a and can then construct in the plane z=2Ji about Pq 
a circle G^ of radius rj , such that for every point of this circle we have 

I f{^> Vy 2i) —f(^j Vo, 2i) |< <y • (1) 

By hypothesis we have that at every point of the subregion the (x, y, z) discon- 
36 
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tinuity is greater than or equal to k so that the simultaneous limit lim /(x, y, z) 

X ^ QCq 

y = yo 

does not exist. We therefore can construct about Pq as center a sphere iZj of 
radius px which we may choose less than r^, such that for some points of this 
sphere we have 

I A^f y, 2) — /(^o; yo, 2i) I > 1/3 * • 

Let {xifj/ifZ^) be such a point of the sphere Bi, so that 

|/Kyo,2i)-/(a:i,yi,22)|>l/3&- (2) 

By hypothesis /(«, y, z) is continuous in {x, y) together, also at every point of the 
plane 2;=2^, as far as it lies within the subregion. We can therefore construct in 
this plane about (xi, y^ a circle G^ of radius yg<[ri, lying wholly within the 
circle Ci of radius ri, such that for every point (a, y) of this circle we have 

I /(»i; yu 22) — f{^j y, %) l< <^ • (3) 

If we choose a small enough and combine (l), (2), and (3), we obtain 

l/(«?,y,2^)-/(a^,.y,%)l>i/4*, (4) 

and this will hold for every point of the circle G^ of radius r^ in the plane z^iz^. 
Now let {x^j y^ be some point within the circle C^ of radius r^, in the plane 
z=^Zz. Since the {x, y, z) discontinuity of the function /(x, y, z) at the point 
{x2, y^y z^ is greater than or equal to hy we can construct about (i^, y^y z^ a sphere 
R^ of radius ^ which we choose less than r^y such that for some points of this 
circle we have 

Let (a:^; ^21 ^) ^^ ^^^^ & point of the sphere B^y so that 

|/(a^; y2f 28) — /(«8, ye, 21) I > 1 /3 *. (5) 

But the function f{xy y, z) is continuous in (sc, y) together at every point of the 
plane z:=-z^y as far as it lies within our region; hence we can construct a circle G^ 
of radius rg^rg about {x^y y^ in the plane z = 2^3; which circle shall lie wholly 
within the circle C^ of radius r^y such that for every point of this circle 

I f{^, y, 23) — /K ^2, 23) |< a . (6) 

From the continuity of f{xy y, z) in (x, y) together we also have 

I /(«2, %, 2i) — /(aj, y, 2i)< a, (7) 
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for all points of the circle G^ of radius r^ in the plane z=%. If now we choose a 
small enough, we obtain by combining (5), (6), and (7), 

\/{x,y,z,)-f{x,y,z,)\>l/^k. (8) 

Continuing this reasoning, we obtain in general 

\A^,y^^x)-Ax, y,^n) I > 1/4*, (9) 

where (x, y) is any point of the circle G^ of the radius r„, this circle lying wholly 
within each of a set of circles of radii 

The centers of these circles therefore approach a definite limiting point, say 
(flCo, yo)- This point lies within each of the circles. Now we have by hypothesis 
that lim /(x, y, z^) =/(i^, yo, 2:0)- But from (9) we have 

X = Xq 

y = yo . l/(«b,yo,2Jn)— /(^,yo,2^)) | >i/4A;, (lo) 

where %, Zg, Zg, , z„, .... have the limiting value Zq. Hence we have from (10) 

lim /(x, y, z) ^/{x, y, j%) 

Z=Zq 

for x=Xo and y=^yo, which is contrary to the hypothesis that 

lim /(x,y,2)=/(x,y,j%) 

Z = Zq 

for every constant x and y. The assumption we made is therefore false and the 
theorem is true. 

In the preceding theorem we have considered only the (x, y, z) disconti- 
nuities greater than or equal to some positive number k. Let us now remove 
this restriction and consider all (x, y, 2) discontinuities. We then have the 
following theorem. 

Theorem 4. — If the function /(x, y, z) is continuous in two variables taken 
together and in the third variable alone, then it may be discontinuous in all 
three variables taken together at a set of points that is everywhere dense, but 
the amount of the discontinuity cannot be greater than or equal to h at each of 
these points. 

We shall prove the first part of this theorem by means of an example. 

Example. Let ^ (x, y, z) = - 3 , ^ , « , where ^ (0, 0, 0) = and 

— l<x<l, — l<y<l, — l<z<l. 
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It has already been shown that this function is continuous in each variable alone 
and also in any two variables taken together, but it is not continuous in all 
three variables taken together at the point (0, 0, 0), where the amount of the 
(x, y, z) discontinuity is 1/3. Now let us form 

. . sin^k ! n x sin^ klny sin^ k ! nz 

^k (x, y, z) - 8in«;k!7ca; + sin«A:!7ty + sin«A:!7t2' 

This function is also continuous in each variable alone and in any two of the 
variables taken together, but it is discontinuous in all three variables taken 
together. Now let Aj = 1, so that 

, . s in^ n X si n^ n y sin^ n z 

This function is discontinuous in {x, y^ z) taken together at the points for which x 
equal or 1, y equal or 1, z equal or 1, that is to say at the points (0, 0, 0), 
(0,0,1), (0,1,0), (0,1,1), (1,0,0), (1,0,1), (1,1,0), (1,1,1); for at these 
points the simultaneous limit Urn ^i (x, y, z) does not exist. At all other points 

^1 {xy yy 2) is continuous in all three variables taken together. In a like manner 
we see that ^j^. (x, y, z) is discontinuous in all three variables taken together at 
all points for which 

aj = 0, l/A!, 2/Aj!, 3/A5!, h\l'k\y 

y = 0, Ijhly 2/k\y 3/k\y kl/k\y 

z=Oy l/k\y 2/k\yS/k\, k\/k\y 

while it is continuous in (x, y, z) taken together at all other points. Now form 

00 
/(«, y, 2) = 2 1 /w ! 4>„ (X, y, z). 

n=l 

Since 4>^(x,y,2) = 1/3 for all values of n, we have 

GO 00 

2l/w!4>«(«,y,2) = l/3 2l/n!, 

ft=l n=l 

and hence /(x, y, z) converges. Now consider z as constant. Then /(x, y, 2), con- 
sidered as a function of x, y, and w, converges uniformly by theorem 6 of section 
10. In a similar manner /(x,y,2) converges uniformly as a function of z and n 
if we consider x and y as constants. Hence /(aj,y,z) is continuous in (x,y> 
together and in z alone. But /(x, y, z) is discontinuous in all three variables 



CoAR: Functions of Three Meal Independent Variables. 279 

taken together in every subregion, for the general term 1 /n ! ^^ (ar, y, z) is discon- 
tinuous in {x, y, z) together at every point for which 

^—plqy y=pl(ij 2=2^'73", 

where the jp's and g's are positive integers^ such that p and q are relatively 
prime to each other; likewise jy and cf^ and^'^ and cf'. In order that this shall 
be true, we need only choose n so large that n ! is divisible by g, g', and g". 
Then l/n!^^(a;,y,z) will have an {x,y,z) discontinuity at the point x=-plq^ 
y^^p* jcfj 2J=jp'79"^ ^^^ hence/(aj, y, 2) also has an {x^y^z) discontinuity at this 
point. This shows us that /(x, y, z) has an (a, y, z) discontinuity at every rational 
point of our region, that is to say, at a set of points that is everywhere dense, 
while at the same time it is continuous in all three variables taken together at 
all other points. This proves the first part of the theorem. 

The truth of the second part of the theorem follows at once from theorem 3. 
For if the function could have an (»,y,2;) discontinuity greater than or equal to 
some positive number ^ at a set of points that is everywhere dense, then it 
would also have such a discontinuity at the limiting points, hence at every point 
of the region, which is impossible. 

Corollary. — If a function /(a, y, z) is continuous in each variable alone, then 
it may be discontinuous in all three variables taken together at a set of points 
that is everywhere dense, but the amount of the (x, y, 2;) discontinuity can in this 
case not be greater than or equal to some positive number h at each of these 
points. 

Theorem 5. — If throughout a given region, a < x < /?, o.<^y<C^h, e© < ^5 <C ^n; 
the function /(x, y, z) is continuous in two variables taken together and in the 
third variable alone, then it is continuous in all three variables taken together at 
a set of points that is at least everywhere dense in the region. 

In order to prove this we choose a set of positive quantities 

where lim ^ = 0. 

n=: 00 

Now consider that portion of our region which is confined within any sphere li 
lying entirely within the given region. Then it follows from theorem 4 that 
the points at which /(x, y, z) has an (x, y, z) discontinuity greater than or equal 
to ki cannot be everywhere dense in any part of this sphere. We can therefore 
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find a sphere 12, of radius r,, lying wholly within the sphere R, such that within 
Ri there are no points at which the (a, y, z) discontinuity of /{x, y, z) is greater 
than or equal to ^i. Again we can find a sphere R^ of radius rg, lying wholly 
within the sphere R^, such that within the sphere JS^ there are no points at which 
the {x, y, z) discontinuity of the function is greater than or equal to ^. Repeat- 
ing this reasoning we finally obtain a sphere R^ of radius r„ lying wholly within 
the sphere Rn-i and hence within every preceding sphere, such that within this 
sphere R^ there are no points at which the (x, y, z) discontinuity of the function 

is greater than or equal to k^. But we have by assumption that lim r^ = 0, 

n= 00 

and we see from the manner in which the spheres were obtained that the centers 
of the spheres approach a definite limiting point (xo, yo, Zq), at which therefore 
we have Aj = ; that is to say, the function /(sc, y, z) is continuous in (x, y, z) 
taken together at this point. From the manner in which the spheres were 
chosen it follows that the points at which the limit of the (x, y, z) discontinuity 
is zero must exist in every part of our region, however small. They are there- 
fore at least everywhere dense in the region. 

We can, however, go a step further than this. Schoenfliess * shows namely 
that the set of points in question must have the ^' MdchtigJceit'^ of the continuum. 
To do this, choose at pleasure a set of positive quantities 

^^^^^^ ^ f^n^ ' ' ' ' f 

m 

where lim k^ = 0. Now let Pj be a set of points within the region at which 

the (x, y, z) discontinuity of the function is greater than or equal to k. Similarly, 

let P^he B, set of points within the region at which the (a, y, z) discontinuity is 

greater than or equal to Ajg, etc. In general let P„ be a set of points of the 

region at which the (x, y, z) discontinuity of the function is greater than or equal 

to k^. It follows now that P^ is a set of points having the following properties. 

Each set P^ is in no subregion everywhere dense ; each set contains all the 

points of every preceding set ; the set given by lim P^ is a set that may be 

n= 00 

everywhere dense in the region. Such a set is called by Baire f a set of points 

of the first category. Baire also shows that the set of points complementary to 

*Cf. Schoenfliess: loco citato, page 129. 

f Cf. Baire: Annali di matematici (8), toI. 8, page 67 (1899). 
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such a set is not a set of the first category. He calls it a set of the second 

category and proves that it has the ''Machtigkeit'' of the continuum. Hence it 

follows that the points at which the {x, y^ z) discontinuity of our function is 

greater than or equal to some positive number ^' is a set of the first category. 

The set of points therefore for which lim 5fen == is the complementary set of 

n= 00 

the above set and hence is a set of the second category. It therefore has the 

^' Maxihtiglceit '^ of the continuum and is non-enumerable. 

8. Uniform Convergence. — When dealing with the behavior of a function 
/(x, y, z) not only within a given region but also on the boundaries of the region^ 
we meet with a new kind of convergence, which has been called uniform con- 
vergence in the case of a function of two real variables. It is defined as follows. 

If a function /(x, y) of two real variables is defined for all values of 
<^S^SP) yo<C y = ^0 + ^; 8,nd if lim /{x, y) =/(», yo) for every x of the in- 

terval ol<x<^^ then we say that /(x, y) converges uniformly to /(x, y^ if, 
having chosen an arbitrarily small cy>- 0, we can then find a 5]> 0, such that 

for every y of yo <C y ^ y© + ^j and for every x of the interval a<x<fi. This is 

equivalent to saying that the simultaneous limit lim /(x, y) must exist for 

X = a^ 

every x of the interval a <x< j3, and must equal the value /(xq, yo). 

When we come to a function of three real variables we have two cases to 
consider; for the function may converge uniformly either with respect to one of 
the variables or with respect to two of the variables. 

In the former of these two cases we must have a function of three variables 
defined for every point of the region 

a£»i.5, «=^yi^ 25o<z<2;„, 
and we must also have lim /(x, y, z) =/(x, y, Zq) for every (x, y) of the region. 

Z =^ Zq 

We then say that/(x, y, z) converges uniformly to/(x, y, Zq), if the simultaneous 
limit lim /(x, y, z) exists and equals /(xq, yo, Zq) at every point (xq, yo) of 

X = Xo 

y=yo 

Z= Zq 
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the region a<x<^y «iy = 6« This definition may also be expressed otherwise 
as follows. 

The function /(a, y, z) shall be defined for every point of the given region 
and lim /(x, y, z) shall equal /(«, y, Zq) for every point of the region as defined 

Z = Zq 

for X and y. If now 

1. We choose at pleasure a cy]> and can then find a ^]> such that 

when 2o <C 2 < Zq + ^> ^^r every point (a, y) of ol<x<^j « = y £ &; then we say 



z 






/U. jr. «•> 




Fio. 8. 



that /(a?, y, z) converges uniformly to /(a:, y, Zq) throughout the region, boundaries 
included. Two things are essential in this definition. First, the same S must 
fit every point (sr, y) of the region, and, secondly, the region must include its 
boundaries. 

As in the case of a function of two variables, so here we have a geometrical 
interpretation of uniform convergence. The limiting function /(a:, y, Zq), con- 
sidered as a function of x and y, may be represented by a surface. In a like 

manner we may represent the function /{x, y, Zj^), where A; = 1, 2, 3, , by 

surfaces which we call the approximation surfaces. We now construct at a dis- 
tance a above and below /(x, y, Zq) a surface parallel to /(a, y, Zq), see figure 8. 

If now we can find a Zf^ such that for every value of z, fromz^ on, each of the 
approximation surfaces falls entirely within the strip bounded by the two parallel 
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surfaces for every point (x, y) of the given region, then /(x, y, z) converges uni- 
formly to/{x, y, 2o)- 

In the second case, where we have uniform convergence with respect to two 
variables, the function /(as, y, z) must be defined for every value (a, y, z) of the 
region 

and the limit lim /(«, y, 2) must equal /{x, yo, Zq) for every x of the interval 

Z = Zq 

a<x<fi. If under these conditions the simultaneous limit lim /(ar, y, 2) 

y=yo 

z — z^ 

exists and equals /(xo; t/oj ^) for every value of Xq of its interval, then /(as, y, 2) 
converges uniformly to /(«, y©, Zo). 

This can also be expressed otherwise. If /(x, y, z) is defined throughout 
the given region and satisfies the condition that lim /(«, y, z) =/(xq, y^, a^) for 

05= Xq 

y = yo 

Z = Zq 

I 

every Xo of the interval a<x<^, and if we choose an arbitrarily small cy]> and 
can then find a ^j >- and a S^^O, which are independent of each other and 
such that 

l/(»; y; 2J) —/(a, yo, 2o)|< <y 

for every y and z where yo <C y = yo + ^1 *^d z© <C 2; < Zq + 5g, then /(x, y, z) con- 
verges uniformly to/(x, yo, z©) throughout the interval a <x <^. 

Geometrically we can represent /(x, y©, Zq) by a curve in the interval 

a<x<^. Similarly, /(x, y<, z^^), where i = 1, 2, 3, and A; = 1, 2, 3, • . . . 

can be represented by a set of curves, which we call the approximation curves. 
Now draw at a distance a above and below /(x, yo, Zq) curves parallel to the 
projections of the approximation curves. If then there exists a (y^, Zj^) such that, 
for every (y, z) from (y<, z^) on, the projections of the approximation curves all 
fall in the strip bounded by the two parallel curves, then /(x, y, z) converges 
uniformly to /(x, yo, Zq). 
37 
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The essential thing for uniform convergence^ whether with respect to one 
variable or to two variables^ is that the simultaneous limit lim f{xj y, z) exists 

Z= Zq 

and equals /{x^y yo, Zq) for every point of the region, boundaries included. This 
fact is of vital importance. If, namely, we have a function defined as before, and 
if lim /(a, y, 2)=/(x, y^, Zq); and if we know that the simultaneous limit 

y = yo 

Z= Zq 

lim /(x, y, z) exists and equals /(xq, yo, z^ only for all points of the interval 

y=yo 

« = Zo 

a <^ a; <C ^, where the endpoints are not included, then we do not know that the 
simultaneous limit also exists at the endpoints, and hence wq cannot say that the 
function /(as, y, z) converges uniformly throughout the interval endpoints in- 
cluded. All we can in this case say is that f{x, y, z) converges uniformly 
throughout the interval a + h<x<^ — 5, where h is some positive number 
different from zero. The same considerations hold for uniform convergence with 
respect to two variables. The following example illustrates this. 

Exwnple 1. 

Let /(a?, y, z) = ^ J? , ^ , where /(O, 0, 0) = 0, for the region 

0<a<l, 0<y<l, 0<2<1. 

This function is continuous in two variables taken together and in the third 

variable alone as has already been shown. Moreover the simultaneous limit 

lim /(a?, y, z) exists and equals /(O, 0, 0) for every (a, y) of the region 
a; = 
y = 

0<[ajfl, 0<^y^l, but it does not exist for every (a?, y) of the region when we 
include the boundaries. Hence the function does not converge uniformly 
throughout the region, boundaries included. In order to see what this means 
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2Sh 



geometrically, let us plot a few of the approximation surfaces. We have the 
following table of corresponding values : 



X 


y 


z 


/(«, y, 2) 








1 





1 


1 


1 


1/3 


1 


1/2 


1 


4/17 


1/2 


1/2 


1 


1/5 


1 


1 


1/2 


4/17 


1 


1/2 


1/2 


1/5 


1/2 


1/2 


1/2 


1/3 


1 


1 


1/3 


9/55 


1 


1/2 


1/3 


36/251 


1 


1/3 


1/3 


3/29 


1/2 


1/2 


1/3 


9/31 


1/3 


1/3 


1/3 


1/3 



This gives us the following approximation surfaces for 2 = 1, 2= 1/2, 2= 1/3, 
see figure 9, 



% 




Fia. 9. 



We see from this that each approximation surface has a peak of altitude 1/3 
which moves along the line y=^x toward the origin as z i^proaches zero. At 
any point of the region, excepting the origin, we can therefore make /(a, y, z) 
approach as closely as we please to zero by a suitable choice of z, but at the 
origin we cannot do so, and hence the function does not satisfy the condition of 
uniform convergence. * 
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Having thus defined the two kinds of uniform convergence for a function of 
three variables, the question arises as to whether one of these will necessitate 
the other. That is, if /(x, y, z) converges uniformly with respect to one variable, 
will it then also converge uniformly with respect to two variables, and conversely ? 
This must be answered in the affirmative ; for if /(a:, y, z) converges uniformly 
with respect to 2, then we have 

lim /{x,y,z)=/{x,y,Zo) (1) 

for every («, y) of the region, boundaries included. We also have 

lim /(«, y, z) =/(iCo, yo, Zo) (2) 

z:=^ Zq 

at every point (xq, y^y Zq) of the region, boundaries included. From this last, 

however, follows that 

lim /(x, y, z) =/(xo, yoy z) (3) 

x:=Xo 

y = yo 

for every z of its interval. Now (1), (2), and (3) are exactly the conditions that 
/(x, y, z) shall converge uniformly with respect to the two variables x and y. 
Hence it follows that if /(x, y, z) converges uniformly with respect to one 
variable, then it will also converge uniformly with respect to two variables. The 
converse is proved in a similar manner. 

We have given two different definitions of uniform convergence and have 
asserted that they are equivalent to each other. We shall now prove that this 
is in fact the case. 

Theorem 1. — If the function /(x, y, z) is continuous in two variables taken 
together and in the third variable alone, and if we have lim /(x, y, z) =/(x, y, Zq) 

Z = Zq 

for every (x, y) of a = x = ^ and a^y^by then the necessary and sufficient condition 
that /(x, y, z) converges uniformly to /(x, y, Zq) throughout the region a = x = j3, 
« = y = 6, is that at every point of this region, boundaries included, the simul- 
taneous limit lim /(x, y, z) shall exist and equal /(ctq, yo, zb)* 

X = Xo 

y = yo 

Z = Zq 
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The condition is necessary ; for let (xq, yo) b® *°y point of the region and 
choose an arbitrarily small cr ]> 0. Now since /(x, y, z) converges uniformly 
throughout the region, there exists a 0o > 0, such that 

|/(«,y,25,)-/(x,y,2o)l<l/4(r (1) 

for every Zt between zq and Zq + Bq and for every point (ar, y) of the region 
boundaries included. Furthermore, since f{xy y, z) is continuous in (x, y) 
together, we can in the plane z = Zj, construct a circle of radius ro about (xq, yo); 
such that for every point (x, y, z*) of this circle we have 

l/K yo, zu)-f{x, y, Zfc) |<l/4cr. (2) 




Fig. 10. 



Now construct a right cylinder having this circle as base and its elements 
parallel to the z-axis, the bases of the cylinder lying in the planes 2 = 20 and 
z = Zicj see figure 10. 

Let (x,y,z) be any point within this cylinder. Since /(x, y, z) is continuous 
in z alone we have by taking Zjc near enough to Zq 

I A^, y, ^ — /(», y, 2) |< 1 /4 cr (3) 



and 

l/(a^o, yo, 2o) — /(iBo, yo, 2*) I < l/4cr. 

Adding these four inequalities we have 

/K yo, zo) — fix, y, 2) |< cr. 



(4) 
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where {x, y, z) is any point within the cylinder. Hence the simultaneous limit 
lim /{x, y, z) exists at (aro, yo, 2©) and equals /(xq, yo, ^^ But (a^o, yo) is any 

X = Xq 
Z = Zo 

point of the region a^x^^^ a^y^b, and hence the simultaneous limit exists at 
every point of the region. 

The condition is also sufficient ; for since at any point {x^y y^y Zq) of our 
region, boundaries included, the simultaneous limit lim f{Xy y^ z) exists and 

equals f{x^y yo, Zq), we can first choose an arbitrarily small a^O and can then 
construct a sphere Eq of radius r© about (aro, yo; ^) as center, such that there shall 
exist no point (^, 97, ^) within this sphere for which 

l/(a^,yo,«^)-/(l,n,OU<r. (6) 

For different points {x, y) of the region, but for the same value of cr, the radii of 
the resulting spheres may vary and are functions of (sc, y). As such they have a 
lower limit pf different from zero, for the entire region a = x = j3, a = y « 6 ; for 
suppose that these radii approach zero as limit as (x, y) approaches some point 
(xQy yo) of the region (a, fi ; a, b). Then it would be impossible to find any 
region about {xq, yo, 2b) which is free from points (^, »7, ^ that satisfy (5). Fur- 
thermore, the limiting point (xq, yoy Zq) must also be a point of the region. The 
radii p therefore have a definite lower limit p' on on the region (a, ^ ; a, &) and 
this may therefore serve for the whole region, so that the definition for uniform 
convergence is satisfied. 

9. Continuity of the Limiting Function. — Thus far we have not said anything 
about the continuity of the limiting functions /(x, y, Zq) and/(x, yo, 2^). We 
now take up theorems that deal with this. 

Theorem 1. — If the function /(», y, z) converges uniformly with respect to 
2, that is, if it converges uniformly to /(«, y, Zo) throughout the region a = x = ^, 
a^yiby then f{x, y, 20) is continuous in (x, y) together throughout this region. 

Let (xb, yo) be any point of the given region. Since /(x, y, 2) converges 
uniformly throughout the region, the simultaneous limit lim /(x, y, 2) exists 

X=Xo 

y=yo 

2 = 2b 

for every point of the region, boundaries included, and equals /"(xo, yo; 2b). But 
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we also have lim /(x, y, z) =/(», y, Zq) for every (Xy y) in the neighborhood 

of (a^o; yo)- Hence we have by theorem 4 of section 2 

lim / (a?, y, z) = lim lim / (x, y , 2) = lim lim / (x, y,z)=f {xq, yo, ao). 
fic = a\) a = a?Q2 = ZQ z=:zqX=:qoq 

y = yo y=yo y = yo 

From this follows at once that / (x, y, z^ is continuous in (x, y) together at 
{x^y yo). But since (xo, yo) is any point of the region^ boundaries included, it 
follows that/(Xy y, Zq) is continuous in (x, y) throughout the entire region. 

Theorem 2. If the function /(x, y, «) converges uniformly with respect to y 
and z, that is if it converges uniformly to/(x, yo, Zo) in the interval a^ x = /3 , 
then /(x, yo, Zq) is continuous in x throughout the interval including the 
boundaries. 

The proof is similar to that of theorem 1. Let x^ be any point of the 

interval a£x= ^. Since /(x, y, z) converges uniformly to/(x, yo, Zq) throughout 

the interval, the simultaneous limit lim /(x, y, z) must exist at every point of 

x = a\) 

y = yo 

Z = Zo 

the interval, end points included, and must equal /(xq, yo; ^b)- ^^^ ^^ ^^^^ 
also lim /(x, y, z) = /(x, yo, Zo) for every x of the interval. Hence we have 

by theorem 3 of section 2 

lim /(x, y, z) = lim lim /(x, y, z) = lim lim /(x, y, z) = /(xo, yo, 2^0)- 
x = X6 x = Xoy=yQ y=:y^x=x^ 

y = yo z — zss z = Zo 

z = 2^ 

From this follows at once that /(x, yo, Zq) is continuous in x at the point 
X = Xo. But Xo is any point of the interval a = x ^ j3, and hence /(x, yo, z©) must 
be continuous in x throughout the interval, end points included. 

Remark. — Theorems 1 and 2 give us sufficient but not necessary conditions 
for the continuity of the limiting functions /(x, y, Zo) and /(x, yo, Zq). We can 
show this by means of an example which has already been used several times. 

Let/(x, y, z) = ^ ^^ ^ , where /(O, 0, 0) = 0. Here /(x, y, 0) = 
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throughout the region O^aj^ 1, <y < 1, and it is therefore continuous in (a;, y) 
together at the point (0, 0). Likewise /(x, 0, 0) = throughout the interval 
^ 05 = 1, and it is therefore continuous in x at the point a; =: 0. But the function 
f{Xj y, z) does not converge uniformly either to /(x, y, 0) or to/(x, 0, 0) as has 
already been shown. 

It is^ however, possible to obtain a necessary and sufficient condition that 
the limiting function /(x, y, z^) is continuous in (x, y) together at any point (x, y) 
of the region a = x2/3, a'^ylb, and that the limiting function /(x, yo; ^o) is con- 
tinuous in X at any point x of the interval a^x^lS. 

Theorem 3.* — If the function /(x, y, z) is finite and continuous in (x, y) 
together and in z alone throughout the region 

a<x<^, a<y<b, Zo<2J<2;„, 

then the necessary and sufficient condition that the limiting function /(x, y^ zq) 

is finite and also continuous in (x, y) together at any fixed point (xq, y^) of the 

region 

a<x<^,a<y<b, (A) 

is 

(1) that lim /(x, y, z) = f{x, y, Zq) ^or every constant pair of values 

(x, y) of region (A). 

(2) that having chosen an arbitrarily small a^O, there shall then exist a 

set of z^8 {z =• Zij z^j z^j ) dense at z = 2;o, and that corresponding to each Zi, 

there shall exist a circle of radius r^j about (xq, y^j where however r^^ may vary 
with Zjfc, such that for all points (x, y) within this circle 

We first prove that the condition is necessary. Our hypothesis therefore is 
that/(x, y, Zo) is finite and continuous in (x, y) together at (xq, y^ where (xq, yo) 
is some fixed point of region (A). Hence we can choose an arbitrarily small 
a^ and can then, in the plane z=^ZQy find a circle of radius ro about (xq^ yo), 
such that for every point (x, y) of this circle we have 

l/(a^, y, ^) -/K yo, Zo)|< 1/3 (T (1) 



* Arzela proYes this theorem for the case of a fanction of two yariablee. See ((Salle eerie dl fnnzlonl.'* 
Accademia delle sc. dl Bologna, 1899, page 142. 
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By hypothesis we also have lim / (x, y, z) =/(x, y, Zq), and hence also 
lim /(«, y, zi^ =/(«, y, 2o), for every (a, y) of region (A), Prom this follows 

that for the same a as above we can determine a ^ >> 0^ such that 

l/(iro, yo, 2*) — /(a^o, yo, Zo) |< 1/3 (T (2) 

where Zq < z ^ 2^ + 5 . 

We also have that/(a;, y, z) is continuous in (a:, y) together, when z is constant, 
at every point of region (A), and hence we can in the plane z^=^ Zj^ determine a 
circle of radius rj^ about (aro, yo), such that for every point of this circle 

\f{x, y, z,) - /(aro, yo, z^^) |< 1 /3 a (3) 

where zb <C ^ = Zo + ^ • 

Inequalities (l), (2), and (3) hold for all values of z and Zj^ between zb and z^ + h. 
If r^fc <; ro, then (3) holds for all points (x, y) of a circle of radius r^ about (xo, yo) 
in the plane z'=izjc. We may then add these inequalities and obtain 

l/(a, y, 2j;fc) —/(a?, y, zo) l< <y , 

and hence the condition is necessary. 

We next prove that the condition is also suflBcient. By hypothesis we now 

have that lim /(x, y, z)=:/(x, y, Zo) for every point (x, y) of region (A). 

z = z^ 

Hence we can choose at pleasure a'^ and can then determine 5 ]> 0, such that 

l/(»o, yo, Zi.) — /(a^o, yo, Zo) l< 1 /4 cr (4) 

where 2!o < z^ = zb + 5. 

But/(x, y, z) is continuous in (x, y) together at every point of region (A), and 
hence we can for the same a as above find, in the plane z=:Zgy a circle of radius 
r^ about (xq, yo), such that for all points of this circle 

1/ («, y, 2,) — /(xo, yo, zj |< 1 / 4 (T (5) 

where ZQ<^z^izQ + S. (See figure 1 1.) 

From the second part of the hypothesis follows that in the plane z^^Zj^ there 
exists a circle of radius fi, about (xt), yo), such that for all points of this circle 

l/(^, y, ^) -/{^y y, 2*)l< 1/4 cr (6) 

where ZQ<CiZf,^ZQ+ S. 

38 
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It is to be noticed that if 2, = 2^, then it is not necessary that also r^^^rj^^ for 
the two circles do not arise from the same conditions. We may however choose 
r, to fit both cases if r^'^ri,. Since lim /(x, y, 2j) =/(«, y, «b) for every con- 

stant pair of values {x, y) of region (A), we have for the same a as above 

I f{^, Voy 2*) — /(ai), yo, «^) « 1 /4 cr (7) 



where 



Zo<«* = Zo + 5- 




Fia. 11. 



The continuity of/(x^ y, z) in {x, y) together throughout region (A) also gives us 

|/(»; yy ^k) — /K yo, 2*) |< 1 /4 <y (8) 

where ^<Zk^^ + 8, 

for every point {x, y) of the circle of radius Irjc about (xo; ^o) ^^ ^^^ plane z = Sj^. 
We will suppose that r^^ri^j so that inequality (8) holds for all points of the 
circle of radius r,. Inequalities 4, 5, 7, and 8, now hold for every z where 
z^^Zn^z^ + hj and for all points (x, y) of the circle of radius r^. We may 
therefore add them and obtain 

|/(aJ,y,2a)— /Ky, 2:*)|<(T (9) 

where Zq < «, = 2© + ^ , 

and for all points (x^ y) of a circle of radius r, about (xq; y^. We can now choose 
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j in such a manner that 4, 6, and 9, shall hold for every z where Zq <^2« ^zo + S, 
so that we may add these inequalities and thus obtain 

l/(aJ, y, «o) -/K yo, 2^,)|< 3/2(T (10) 

where {x, y) is any point within the circle of radius r, . Hence there exists in 
the plane z = Sq about (aro, ^o) a circle of radius greater than zero, such that (10) 
holds at every point within this circle. Hence /(x, y^ z^ is continuous in (x, y) 
together at {x^j y^. This proves the theorem. 

We can obtain an analogous theorem for the continuity of the limiting 
function f{xj y^y Zq) at the point x^^xq. 

Theorem 4. If the function /(x, y^ z) is finite and continuous in x alone and 
in {y^ z) together at every point of the region 

a<x<p, yo<y = y*; ao<«i«n, 

then the necessary and sufficient condition that the limiting function /{x^ y^^ z^) 
is finite and continuous in x at o^q where Xq is some fixed point of the interval 

a = «=i3, (A) 

is 

(1) that lim /(x, y, z) =/(«, y©; ^b) for every x of the interval (A); 

(2) that having chosen an arbitrarily small (r]> 0, there shall then exist a 
set of pairs of values (y^ ^k) which shall be dense at (yo^ Zq) and corresponding to 
each pair there shall exist an interval greater than zero, such that for every x of 
this interval 

The proof of this theorem is similar to that of the preceding theorem. 
Since /(x, y^y Zq) is continuous in x at the point x = x^, we can choose an 
arbitrarily small (r> and can then determine an interval (xq — ^19^0+^) 
greater than zero, such that 

|/(a%, yo, Zo) — f{x, yo, 2^,)|< 1/3(T (1) 

for every x of this interval. Since lim /(x, y, z) =/(x, y^, zq) and hence also 

y=yo 

25 = ZO 
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lim /{xy t/iy Zic) =/(», yoy Zq) for every x of the interval (A), we can for the 

y< = yo 

same a find some value {yf^, Zf), such that 

I /(a^o, yi, 2*) — /K yo, 2o) l< 1 /3 (T (2) 

where yo<yi-y,, 2^)< z^t^ 2^. 

But f{Xf yy z) is continuous in x when ^ and z are constant^ hence for the same 
a we can determine a Si and a ^2 68.ch greater than zero, such that 

\/{xy y,yZ,) -f{xoy y,y 2*) |< 1 /3 (T (3) 

where Xq — \ <a5 <jc^ + ^2. 

Now let hi and h^ be less than \ and^ respectively. Then we may add (1), (2), 
and (3), and thus obtain 

\f{^j yu 2*) —f{^, yoy «o)l< <y 

where Xq — 5i<ic<^ao + S2. 

This proves that the condition is necessary. 

The condition is also sufficient. We now have by hypothesis that 
lim f{Xy yy z) =/(a:, y^y z^ for every x of the interval (A). Hence we can 

y = yo 

choose at pleasure a a^ and can then find a hi and a ^| each greater than zero^ 
such that 

|/(a:o, yo, 2b) — /(«o, y.y 25,) |< 1/6 or (4) 

where yo<yf <yo + ^i and2;o< «,< 20 + Sg. 

Since f{xy yy z) is continuous in Xy we can for the same a and on the line 
(a; = y,, « = 2,) find about x an interval (xq — 5,, Xq + 5,), such that 

l/K y., «0 -/K y., 2:«)l< l/6(r (5) 

where xq — ^» <Cic <^ Xq + S, . 

Prom the second part of the hypothesis it follows that on the line (y = y^ , z = Zj^ 
we can for the same value of a determine an interval (x^, — hky Xq + 5*), such that 

I /(aJ, y<, ^k) — /K yoyZo)\<l/6a (6) 

where a^o — 5a:<x<Xo + 5*, yo<yi = yo+^i, 2o< 2ifc = 2o + ^g. 
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If y^ = y^ and Zj^ = z<, then it is not necessary that also h^ = hjc- But if S, <] h^y 

then Sg will fit both cases. Let us choose it thus. Since lim /(x, y,, Zi) =/(», yo, ^o) 

yi = yo 

for every a; of the interval (A), we can for the same value of a determine a \ 
and a ^9, such that 

I /K Viy ^l) — /K yo, Zo) |< 1/6 (T (7) 

where yo<y<=2/o + ^1, 2o<Za<Zo + ^2- 

Finally we have from the continuity of/(ar, y, z) in x that for the same a we can 

find a 3jk > 0, such that 

I /(x, y„ z^) -/{xo, y„ z,) |< 1/6 cr (8) 

where Xq— J* < a < a^o + ^*- 

Now let S, be less than Sjcf and let S^ and 8^ be less than S^ and \ respectively. 
Then (4), (5), (7), and (8), hold for the same intervals and we may add them. 
We thus obtain 

l/(a^, Vs, ^d-A^y Vu 2*) l< 2/3(T (9) 

where y© <C y = yo + ^1 *^^d Zq <C 2; = z© + ^^ *^d for all points x of the interval 
(xb — ^8> ^0 + ^s)- W^ can now choose hi and Sg in such a manner that the 
inequalities (4), (5)^ and (9)^ hold simultaneously, so that we may add these and 
thus obtain 

I f{^, yO, 2o) —/{XOy Voy Zq) \ <(T (lO) 

where x is any point of the interval (xq — h, Xq + S). Hence on the line 
(y = y^, 2J = Zq) there exists about Xq an interval greater than zero for every 
point of which inequality (10) holds. Hence /{x, y©, Zq) is continuous in x at the 
point X = Xq, which proves the theorem. 

We have thus obtained necessary and sufiScient conditions that the functions 
/(x, y, Zq) and /(x, yo, Zq) are continuous in (x, y) and x respectively at some 
fixed point. We next wish to find the condition that they shall be continuous 
throughout a whole region or interval. Such a condition is that the conditions 
of theorems 3 and 4 hold for every point of the region or interval in question. 
We can, however, obtain another condition which will be of use later on. 

Before giving this condition we must first define another kind of uniform 
convergence. This is Arzela's " Convergenza uni/orme a tratti and a Btratiiy * 

*See Arsela: Salle aerie di fansionl. Accademia delle sclenze di Bologna, 1899, p. 158. 
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We may translate this by uniform convergence by segments and by areas. We 
first give the definition for a function of two variables. 

The function /{x, y) shall be defined for all points of the region a^x^fi, 
tfo'^y^ Vnj Aiid shall be continuous in each variable alone throughout this region ; 
furthermore lim /(a, y) shall equal /(a, y^ for every x for which it is defined. 

y=yo 

If now there exists between y^ and y^ a finite number of lines {y = yy^ y^y yty , yp) 

and on each of these a finite number of segments each greater than or equal to 
some finite length L which is itself greater than zero, such that the projections of 
these segments ony =^yQ completely fill the interval (a, j9) and that for every 
point of these segments 

then we say that/(a;y y) converges uniformly by segments to/(x; ^o) throughout 
the interval. 

In an analogous manner we define uniform convergence by areas for a func- 
tion of three variables. Let the function /(x^ y^ z) be defined for every point of 
the region a^xt^j a^y^b^ 2q<;2<2^, and let it be continuous in (a, y), 
together and in z alone throughout the region; furthermore let lim /{x, y, z) 

Z = Zo 

= /(«, y, 2o) for every pair of values («, y) of the region. If now there exists 

between z^ and z^^ a finite number of planes {z =^ Zi^ z^, Zsy y Zp) and on each of 

these planes a finite number of rectangles having their sides parallel to the x and 
y axes and such that their dimensions are each greater than or equal to some 
quantity greater than zero^ and furthermore such that the projections of these 
rectangles on the plane 2 = 20 completely fill the region a^x^ fi^a^y^by and 
that for all points {xy y) of these rectangles the following inequality holds 

l/(«, y, ^) —fi^y y, «*) l< <^ , 

then we say that/ (a, y, z) converges uniformly by areas to /(a, y, Zq) through- 
out the region. 

We may also define such uniform convergence for the case that/(scy y, z) 
converges to /(a?, yo, 2o)- Let/(x, y, z) be defined for every point of the region 
alx^fiy yo^y^ymy ^<i^^^n, a^d let it be continuous throughout this region 
in (y, z) together and in x alone. Furthermore let lim /(«, y, 2) =/(«, y^ Zq) 

Z=^ Zq 
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for erery constant value a; of the interval. If now we have a finite set of values 
iVi } ^k^j where the absolute value of \/ (^ + 4) f^i* ^^^h {yi^ Zj) is less than the 
corresponding value for the preceding {yi^ z^^ and if on each line {y = 2^^, s; = Zi) 
there exists a finite number of segments, each of length greater than or 
equal to X, where L is itself greater than zero, such that the projections of these 
segments on the line (y = ^oi ^ = ^) completely fill the interval (a, ^) and that 
for every point x of these segments we have 

then we say that /(x, y, z) converges uniformly by segments to /(«, y^^ Zq) 
throughout the interval. 

This new kind of uniform convergence is entirely distinct from both the 
ordinary uniform convergence and from Dini's ^'ein/ach gleichmaseige Gonvergen^\ 
as Arzela* has shown in the case of a function of two variables. For a function 
of three variables the distinction between these three kinds of uniform conver- 
gence is as follows. 

In all three cases the function /(x, y^ z) is defined for all points of the region 

a<x<P,a^y^b, Zo<;^z^z^, 
and lim /(», y, z) =/(«, y, Zq) for every point of the region 

a^x<P,a<y<b. (A) 

We then choose at pleasure a (r> 0. 

In the case of ordinary uniform convergence we must then be able to find a 
z^ zfz zq, such that for every z between z^ and Zq and for every point {x, y) of region 
(A) we have 

l/(«, y, «)—/(«, y, «d)I<<^- (1) 

In the case of Dini's ^'einfach gleichmassigs Convergenz" there exists be- 
tween z, and Zq only a set otz^s dense at Zq, such that (1) holds for each of these 
«'« and for every (a, y) of region (A). 

In the case of Arzela's uniform convergence by areas there exists between 
Zg and 2o only a finite number of planes z^^zj^y and on each such plane a finite 
number of rectangles, each of area greater than or equal to O where O is finite 
and greater than zero, whose projections on the plane 2 = 20 completely fill region 
(A), such that (1) holds only for all points of these rectangles. 

^ArjseU: loco citato, page 168, 
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We are now ready to take up the theorems that deal with the continuity 
of the limiting function throughout the whole region. 

Theorem 5.* If the function /(x, y, z) is continuous in (x, y) together and in 
z alone throughout the region 

a<x<fi,a<y<b, 2o<2 = 2«, 
and if lim /{x, y, z) =/(», y, Zq) for every (a;, y) of the region 

Z = Zo 

a<x</3, a<y<6, (A) 

then the necessary and sufficient condition that/(a;^ y, Zq) is continuous in {x, y) 
together throughout region (A) is that /{x, y, z) shall converge uniformly by 
areas to / (», y, Zq) throughout (A). 

The condition is necessary. Then our hypothesis is that /(a:, y, zq) is con- 
tinuous in {x, y) together at every point of region (A). If therefore (a/, y') is any 
point of region (A), then it follows from theorem 3 of this section that there 
exists a set of z's (z = Zi, z^, ^^ • • • ) dense at z= Zq^ and on each zj^ sufficiently 
near to Zq there exists about {x\ y^) a rectangle having its sides parallel to the 
axes and having an area h^ different from zero, such that for every point (x^ y) 
within this rectangle 

I /(«, y, «*) — /(«, y, ab) l< <y , (3) 

where a is an arbitrarily small positive number. It will be advantageous in the 
following not to consider this whole rectangle about (a/, y), but to divide it into 
four rectangles by lines parallel to the axes and to consider each of these rec- 
tangles separately. Let us take^ for example^ the rectangle P^ABG to the right 
and front of (a/, i/). See fig. 12. 

We may then say that, having chosen an arbitrarily small (t]> and any 2,, 
there will then exist for every Zj^ between z^ and Zq ^ rectangle of area greater 
than zero to the right and front of (a/, y), such that (l) holds for every point 
(x, y) of this rectangle. The area of this rectangle may vary with Zi, and may in 
fact be zero for some values of Zj^^ but it cannot be zero for every value of Zj^, 
unless (a/, y') is a point of the boundaries x = ^ and y = b. The area of this 
rectangle is moreover a function of z^ and as such it has an upper limit which is 
certainly less than the area of the region (A). Let us denote this upper limit 

* Anela : looo citato, page 147. 
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by A(a^, y"). If now (a^, y) is considered as a variable, then A{x!, y') is a 
function of (a/, 3/). Consider now the region alx^^ — e', a^y^b — e*', 
where e' and e" are two positive numbers cbosen at pleasure, excepting that 
they shall be less than the corresponding dimensions of region (A). We can 
now show that within this new region A(a:', 1/) considered as a function of (a:, y) 
has a lower limit different from zero. Let this lower limit be denoted by I. 
There exists some point {x, y) of the region a = x^ f} — f*, a^y %b — e", such 
that the lower limit of A(a:', ^) is I in every neighborhood of this point (here 
A(a/, y) is always tiie area of the rectangle to the right and front of the point). 



Let this point be {x^, yi). For this point the value of the function A{xi, yx) is 
certainly greater than zero. Now there surely exists among the values of z 
between z, and Zo one value z^ for which the area of the rectangle, for every point 
(x, y) of which we have 

\A^, y, 2*)— /(«, y, ^)|<<T, 

is as near as we please to A(xi, y^. It is now evident that, if we consider on 
2 = iH) a rectangle of area \jAA{xx, yi), then we shall have for every point (x, y) 
of this rectangle at least a rectangle of area l/4A(xj, yi) to the right and front, 
such that for every point (x, y) of this rectangle the above inequality holds. 
Hence I must be greater than or equal to l/4A(xi, ^1). But since this is greater 
than zero it follows that I is greater than zero. 

In the same way we can show that the upper limit of eadi of the other 
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three rectangles^ into which we divided the original rectangle about (a:', t/)^ when 
considered as a function of {x, y) has a lower limit greater than zero. Hence 
the entire rectangle about {pdy j/), which is the upper limit for a fixed {x, y), has 
a lower limit greater than zero when considered as a function of {x, y). 

We have thus shown that this lower limit exists and is greater than zero for 
the region (A) exclusive of the boundaries. It remains to take care of the 
boundaries. In order to do this we consider the region 

a + ^<x<^ — ^,a + ^'<y<b — e^'. (B) 

Let the lower limit of the area of the rectangle within the region (B) for every 
point of which 

\/i^y y, ^k) —/{x, y, zo)\<(r 

be L. Now consider the remaining strip of region (A). It is evident that within 
this strip the dimensions of the rectangle for every point of which (1) holds 
cannot exceed ^ and ^'. Hence the lower limit L of the rectangle for the 

4 

whole region (A) cannot exceed ^^ ^'. Now let U be some fixed positive quan- 
tity less than L. We can then say that, having chosen an arbitrarily small 
positive quantity a and an arbitrary z^, we can then find JDCtween z. and zq a 
finite number of planes z ^ z^^ and on each a finite number of rectangles with 
their sides parallel to the axes^ each rectangle having an area greater than or 
equal to L', such that for every point (x, y) of these rectangles 

I /(«, Vf 2*) — /(«, yy ao) I <^. 

We thus prove that the condition of the theorem is necessary. 

It remains to prove that it is also su£Bcient. Let us choose at pleasure a 
(t]> and any z = 2|. Let {xq, yo) be any point of region (A). Then it follows 
from the second part of the hypothesis that there exists between z^ and zq a finite 
number of planes z=Ziy z^^ z^,- - ^-^Zpy and on each a finite number of rectangles 
with sides parallel to the axes and each of area greater than zero^ such that for 
all points (x, y) of these rectangles 

I / (», y, 2) — /(», y, 2o) I <<T. (1) 

Since the projections of these rectangles on z = Zq completely fill region (A) by 
hypothesis, it follows that the line through (xq, yo) perpendicular to the XF-plane 
must meet at least one of these rectangles. Let this be the rectangle on the 
plane z = i^. If now we let a remain unchanged and choose z^ as a new Zt^ then 
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there ezistB between i^, and Zq a set of planes finite in number and on each such 
plane a finite number of rectangles each of area greater than zero^ such that for 
all points of these rectangles inequality (1) holds. Since again the projections 
of these rectangles on the plane 2; = Sq completely fill region (A)^ the perpen- 
dicular through {xq, ^0) to the XF-plane must meet at least one of these rec- 
tangles. Let it be a rectangle in the plane s = ^. Again let a remain unchanged 
and choose z^ as our now z^ and repeat the reasoning. We thus obtain between 

Zi and Zq a set of z's {^ =^ Zi^ z^, z^, ) dense at 2; = 2^, and on each plane z^^z^b, 

rectangle of area greater than zero about {xq, y^^ such that for all points of these 
rectangles inequality (1) holds. Hence it follows from theorem 3 of this section 
that/(x, y, «o) is continuous in (x, y) together at the point (oq, y^. But (x©, y©) 
is any point of region (A) and therefore the function /(x^ y^ z^ is continuous in 
{xy y) together at every point of region (A). It is evident that if (xq, ^o) ^^ been 
a point of the boundary of region (A)^ then the rectangle in question could have 
been taken only up to the boundary. 

We have an analogous theorem for the continuity of the limiting function 
/(«, yo> 2o)- It is the following. 

Theorem 6. If the function /(a:, y, z) is continuous in x alone and in (y, z) 
together throughout the region 

and if lim /(x, yyz)=^f (aj, yo, «o) for every x of the interval 

z-z^ a<x</3, (A) 

then the necessary and sufficient condition that /(x, yo, z^ is continuous in x 
throughout this interval is that/(x, y, z) converges uniformly by segments to 
/(a?, yo; ^) throughout the interval. 

The proof of this theorem is analogous to that of theorem 5. First the con- 
dition is necessary. Then we have by hypothesis that /(x, y^^ Zq) ^^ continuous 
in X throughout the interval (A) and we wish to prove that throughout this 
interval the function /(x, y, z) converges uniformly by segments to /(x, y^ Zo)- 
Since /(x; yo^ Zo) ^^ continuous in x throughout the interval (A), it follows from 
theorem 4 of this section that for any point x' of this interval there exists a set 
of values (yi^ zj^) dense at (yo, Zq) and corresponding to each such pair of values 
there exists a j^ ]> 0, such that 

l/(a?, Viy 2*) — /(a?, 2/0, 2o) I <<T (1) 
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where xf — Sic^x^ocf + S^g. It will be more accurate to consider separately the 
intervals to the left and to the right of x\ Having chosen an arbitrarily small 
positive number a, we can then find a set of values (^.-^ z,,) dense at (^o^ %) ^^^ 
corresponding to each pair {pi, Zf^) a positive Sjcy such that 

for every x of the interval of length 8ic to the right of x!. For evftry value (yf, z,,) 
we obtain a corresponding S/c- We choose in each case the largest possible value 
of the interval to the right of ocf, and it shall be this interval that is denoted by 
5fc. It is then evident that S^ cannot be zero for every pair of values (y<, Zf^) un- 
less a/ = /3. Moreover Sjc is a function of {yf, Zj^) and as such it has an upper 
finite limit which is surely not greater than ^ — a. Let us denote this upper 
limit by A (a/). If now we let xl become variable, then A {x') is a function of x, 
which we shall consider in the interval alx^^ — e, where e is any positive 
number less than ^ — a. We can now assert that A (x^) has a lower limit 
greater than zero when considered as a function of x in the interval a = x = /? — e. 
Let I be the lower limit in question. Then there certainly exists some point x 
within the interval (a, /3 — e), such that in every neighborhood of this point the 
lower limit of A (x') is I. Let Xi be such a point. We then surely know that 
for x= Xl the value A (x') of the interval to right must be greater than zero, 
since xdfz ^. If therefore we consider the interval Xi«x=Xi + 1/2A (xi), and 
if x" is any point of this interval, then there certainly exists an interval of length 
at least equal to 1/2 A (xi) to the right of x'', such that for every x of this 
interval. 

Hence 2 must be at least equal to 1/2 A (xi). This is however greater than 
zero and hence I is greater than zero. In a like manner we can show that 
in the interval (a + e', fi) there exists a similar lower limit V greater than 
zero for the upper limits of A (x'). It follows from this that for the interval 
(a + e'^x^^ — e) there exists a lower limit L greater than zero for the total 
interval about x for which ( 1 ) holds. 

From what has been said it follows that for the point x = /3 there must 
exist a lower limit greater than zero of the intervals to the left. Call this A^. 
Similarly there exists a lower limit greater than zero of the intervals to the 
right of the point x = a. Call this A„. Then there exists for the interval 
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a + Aa = 05 ^ ,5 — A^ a lower limit L greater than zero of the total interval 
about X for which (1) holds. For the whole interval a = aj^ ^ the lower limit of 
the corresponding interval is therefore not greater than A^ + A^. Denote this 
lower limit by L and let L' be some definite positive quantity less than L. It 
now follows from what has been said that if we choose an arbitrarily small 
positive a and any pair of values (y,, Zt) th^i^ there exists a finite number of lines 
[y = y<, z^= Zjfc) where the absolute value of ^/(y^ + 4) is less than the absolute 
value of ^/(y? + 4)> ^^^ ^^ ^^^^ such line there exists a finite number of seg- 
ments each in length greater than Z' and whose projections on {y =- yo> « = Zq) 
completely fill the interval a = aj = ^, such that for every point x of these 
segments 

This proves that the condition of the theorem is necessary. 

The condition is also sufficient; for choose at pleasure a (t]> and a ^ == ^^ 
and a 2 = 2J^, and let a\, be any point of the interval (A). Then there exists by 
hypothesis a finite number of lines {y = y<; 2 = Zjt), where the absolute value of 
^(^ + 2I) is less than the absolute value of ^^(yf + 2!), and on each of these 
lines there exists a finite number of segments^ each in length greater than £ > 0, 
such that the projections of these segments on the line {y =iy^^ %=- 2o) completely 
fill the interval (A), and such that for every point x of these segments we have 

I /(a^, Vif ^k) — /(aJ, yo, zo) I <(T. 

It follows from this that if we construct through the point x^ a plane parallel to 
the FZ-plane then this plane must meet at least one of these segments, say a 
segment on the line (y = yi, 2 = «i). Now choose yj and ij for our new y, and z^ 
respectively. Then by the same reasoning as above there exists for the same a 
a finite number of lines {y^^y^^ 2j = 2jfc) between (yi, ij) and (yo, 2o) where also 
the absolute value of V (^ + 2I) is less than the absolute value of ^/(yJ + gf)^ 
and on each of these lines there exists a finite number of segments each of 
length greater than L and such that their projections on the line {y zzzy^^ z = Zq) 
completely fill the interval (A), such that for every point x of these segments 

I /(»; Vi} ^k) — /(», yo, 2o) I <<T. 

It follows from this that if we construct through the point a\) a plane parallel to 
the yZ-plane then this plane must meet at least one of these segments, say a 
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segment on the line {y = ^29 ^ = ^)* ^ow choose y^ and ^ for a new y^ and z^ 
respectively and repeat the reasoning. We thus obtain a set of lines {y = yt, 
z = zj) dense at (y = yoj 2 = ^o), where the absolute value of \/(yJ + ij) is less 
than the absolute value of the same quantity for any preceding (y^, Zj^), and on 
each of these lines there exists a finite number of segments each of length greater 
than L, such that the projections of these segments on the line {y = yoj z^= Zq) 
completely fill the interval (A) and such that for every point x of these segments 

I /(»; Viy 2*) — /(«, yo, «o) I <<^- 

From this we have at once by theorem 6 of this section that /{x, yo, 20) ^^ ^on- 
tinuous in x at the point xq. But Xq is any point of the interval (A) and hence 
/{xy yQy Zq) is continuous in x throughout the interval (A). This proves the 
theorem completely. 

Theorem 7. — If the function /(a, y, «) is continuous in (x, y) together and 
in z alone throughout the region 

a<x</3, a<y<b, 25o<z^z„, 

and if lim /{x, y, z) =/(«, y, ab) for every (x, y) of the region 

a<x<0, a<y<hy (A) 

then/(x^ yj z^ may be discontinuous in (x, y) together at a set of points that is 
everywhere dense in the region (A). 

We shall prove the truth of this theorem by means of an example. 

Example 1. — (Cf. Theorem 4 of section 7.) 

Let /(x, y, z) = ^1 /n ! I (cos n ! Ttx)' + (cos n ! ny)' I , 

n=l *- "■ 

where 

0<x<l, 0<y<l, 0<z<l. 

We must show first that this example satisfies the conditions of the theorem. 
It is at once evident that 

00 



2^1 /n ! I (cos n ! nx)' + (cos n ! ny)' I 



11=1 
is continuous in (x, y) together for all values of z difibrent from zero. Liet 
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2 = c :^ 0. We then have for every value of n and for every point (x, y) of 

the region 

0<x<l, 0<y<l (A) 



2l /k ! I (cos k\7txy + (cos k ! nyYj < ^2/k ! . 



that ^ r . ^ 

2l/*! (cosAjItcb)^ 

But ^2/^ ! is a convergent series and hence 2^^1/k 1 1 (cos k ! 7txy + {co8klnyy I 



00 



abo oooverge. Furlhern.01, .b« 4. «rie. 2«/* ' ".-verge., it follow, from 



00 r 2 2- 



theorem 5 of section 10 that 2^/^ ' I (^^^ ^ ' ^^Y "^" (^^^ ^ ' ^vY I > considered as 

a function of x^ y, and n^ converges uniformly throughout region (A). 

Again let a; = xq and y = yo where Xq and yQ are constant values of the given 
region. Then we have 

2 V* ! [(cos * ' ^0? + (cos Aj ! nyofl < ^^Z* ! • 



• t 



00 



But y]2/A; ! is a convergent series and hence 



00 



^ r - -1 

^1/^ ' I (cos n ! TtXo)' + (cos n ! nyo)' I 

n=l ^ -* 



also converges. From theorem 5 of section 10 it also follows that the series 
just given converges uniformly when considered as a function of n and z. Hence 
it is continuous in z alone. We have then shown that the series which repre- 
sents the function is continuous in (x, y) together and in z alone. It still 
remains to show that lim /(», y, z) = /{x, y, 0) for every (x, y) of region (A). 

2=0 

Since 

2 l/n\\ {co&nlTtxy + {co&n\nyy \, 
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when considered as a function of 2, converges uniformly and is therefore con- 
tinuous in Zy it follows that 

lim 2i^/nl\{coanl nx )' + (cos w ! nyf = lim /{x, y, z) = /(x, y, 0). 
2=0~=i ^ -* 2=0 

It also follows from the uniform convergence of the above function that 

lim 7^1/n ! I (cos n ! Ttxy + (cos n ! ny)' = lim I (cos tcx)' + (cos ny)' 
z=0 •=! L J 2=0 ■- J 



+ lim 1/2 ! [(cos 2 ! nx)' + (cos 2 ! ny)' 

2=0 L J 



+ 



to 2 
(cos&!7Kc)^+ (cos* \ny)^+ 

Now suppose that x and y are rational, that is to say, that x:=i pjq where p and 
q are integers and relatively prime to each other, and that y^=^p^ 1^ where p^ and 
^ are integers and relatively prime to each other. If then we begin with the 
lowest term in the series and pass along it, we shall ultimately reach a term 
where both q and q' are divisors of h ! Consider the terms of the series which 
precede this term. For each such term (cos A ! nx)* <] 1 and (cosi!7iy)*<; 1, 

hence lim (cos k ! nx)' = and lim (cos k ! ny)' = 0. For the term however 
2 = 2 = 

for which k ! is divisible by q and ^ and for all the succeeding terms we have 

(cos&Itix)' + {coakl nyf^= 2. For such values of x and y we therefore have 

lim /(x, y, 2)>0. 

2=0 

We next suppose that x and y have irrational values. Then no matter how 

large k is taken we always have (cos k\ Ttxf < 1 and (cos k ! nyy <] 1, and hence 

1. 2^ 

lim (cos &! nx)* = and lim (cos k ! ny)' = 0. For such irrational values of x 

2=0 2=0 

and y the series therefore always equals zero. We see then that/(x, y, 0) is a 
function which equals zero for all irrational values of x and y, but differs from 
zero for all rational values of x and y. It is therefore discontinuous in (x, y) 
together at all rational points, that is to say at a set of points everywhere dense 
in the region (A). 
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In the case of this example it is easy to show that the {x, y) discontinuity 
cannot be greater than or equal to h (where h is some definite positive number) 
at every point of the set. From theorem 1 of section 7 it follows that if a func- 
tion of X and y has an {x^ y) discontinuity greater than or equal to £ at a set of 
points that is everywhere dense, then it must have such an {x^ y) discontinuity 
also at the limiting points of the set. The function /(a;, y, 0) of the example is 
a function that has an {x^ y) discontinuity at a set of points that is everywhere 
dense. Hence if this discontinuity were greater than or equal to k at every 
point of the set, /(x, y, 0) would have an (a, y) discontinuity greater than or 
equal to h at every point of the region which is impossible. 

We now wish to see if the function / (a-, y, z^ can be discontinuous in {Xy y) 
together at every point of the region. It can be proved that this cannot be the 
case, but before doing so we need a lemma concerning a function of two 
variables. 

Lemma.* — If the function / (ar, y) is discontinuous in (x, y) together at every 
point (x, y) of a region, then there always exists a sub-region within which the 
(a?, y) discontinuity is greater than a suflSciently small quantity -4. > at every 
point. 

In order to prove this lemma we must show that the points at which 

lim ^ <[ 0^, where cr ]> 0, cannot be everywhere dense in any sub-region, where 
p = 

k represents the oscillation of the function within any circle of radius p. Suppose 

that these points are everywhere dense in some sub-region. Now choose a set 

of positive quantities 

where lim a^ = 0. Since we have assumed that the points at which 
n = 00 

lim Aj<C<rare everywhere dense in every sub-region, we can within any sub- 
p = 

region find a circle R^ of radius r© >0 about some point (a-y, yo) such that at every 

point within this circle the oscillation k of the function is less than Ci . Hence 

there exists a circle Ri of radius rj greater than zero and center at (a^, yi) and 

lying wholly within the circle Rq^ such that at every point within this circle Ri 

the oscillation k is less than (T2. In a like manner we can determine a circle R^ 

* See E. J. Townsend : Ueber den Begriff and die Anwendnng des Doppellimes, 1900. 

40 
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of radius rg>0 and center (x,, y^) and lying wholly within the circle Ri, such 
that the oscillation k is less than a^ at every point within the circle ^. (Con- 
tinue this process and we obtain in general a circle R^ of radius r^ greater than 
zero and center at {x^, yt) and lying entirely within the circle Rn-u such that 
the oscillation h of the function is less than a^ at every point within the circle 

R^. Since now ri ]> r^ > rg > ]> ^n > j we have lim r^ = 0, 

n= 00 

while at the same time the centers of the circles approach a definite limiting point 

(ccq, yo)' -^t ^^^ point therefore we have lim A = 0, where p is the radius of 

P = o . 

any circle about {xqj y^). Hence the function / (ar, y) is continuous in (x, y) 
together at this pointy which contradicts the hypothesis. The lemma is there- 
fore true. 

Theorem 8.* — If the function /(x, y, z) is continuous in (x, y) together and 
in z alone throughout the region 

a<x</?, a<:^y<:^h, z^<C^z<z^, 

and if at every point (x, y) of the region 

a<x</?, a<y<h, (A) 

we have lim /(x, y, z) =/(x, y, z^, then /(x, y, Zq) cannot be discontinuous 

in (x, y) together at every point of the region 

a<x</?, a<y<6, (B) 

or of any sub-region thereof. 

Suppose that the limiting function /(x^ y, z^ could have an (x^ y) discon- 
tinuity at every point of region (B). Then there must exist, on a = Zq, a circle 
of radius r^ > 0, such that at every point of this circle the (x, y) discontinuity of 
the function is greater than a sufficiently small quantity ^ ]> 0. This follows 
from the lemma we have just proved. Let (xq, yo) be the center of the above 
circle. Since by hypothesis lim /(x, y, z) =/(x, y, Zq) *t every point of the 

region (A) we can choose an arbitrarily small a > and can then find a z = 2^, 
such that 

I /K yo, 21) — /(«o, yo, 2o) l< 1 / 2 (T (1) 

where Zo < ^i = ^o + ^0, ^0 > 0. 



* Balre gives the corresponding theorem for a f anction of a single variable. See Annall dl Matematica, 
1899. 
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But the function / (», y, z) is by hypothesis continuous in (a, y) together through- 
out region (B) and for every z for which /{xy y^ z) is defined, and hence there 
must exist for the same a a circle of radius ri about {x^^ y^ in the plane z = Zij 
such that for every point within this circle 

I /K y, 2i) -/(^o, yo, ^i) 1 < l/atr (2) 

where Zo < «i « ^o + do- 

Let ri <; ro so that inequalities (1) and (2) hold for every point (x, y) within this 
circle and we may therefore add these inequalities and thus obtain 

l/K Vj 2i) — /(aJo, yo, 2o) |< <T . (3) 

This holds for every point (x, y) within the circle of radius ri about (a-o, yo)- 
Since by assumption /(«, y, z^ is to be discontinuous in (cc, y) together at every 
point of region (B), there must exist in the plane 2 = 29 within the circle of 
radius r^ about {x^^ y^) at least one point (oti, ^i), such that 

|/(»i, yi, ^) —A^oy Vo, ^)\>^' (4) 

But by hypothesis lim /{xi, yi, z) =/(ai, ^j, zq) and hence there must exist a 

plane z = Z2, such that for the same a as above 

I /(a^i, yi, «») - /(«!, yi, 2o) ! > 1 / 2 (T , (5) 

where ^q^^Zb^^i- 

Since /(ar, y, Zj) is continuous in (x, y) together throughout region (B), there 
must exist for the same a in the plane z=iz^ a circle of radius r^ about {x^, yi\ 
lying entirely within the circle of radius ri, such that for every point (a-, y) with- 
in this circle 

\/i^y y, %) -/K yi, 25«) |< 1/2 (T (6) 

where 2;o<C^<C2Ji- 

Let rjj <[ rj, so that inequalities (5) and (6) hold for every point (x, y) within the 
circle of radius r^. We may therefore add these inequalities and thus obtain • 

l/K y, 22) — /K yi, 2o) |< or (7) 

for every point (», y) within the circle of radius r^. We have moreover assumed 
that /(a:, y, Zq) is discontinuous in (a;, y) together at every point of region (B) 
and hence there must exist in the plane 2 = 20 at least one point {x^, y^ within 
the circle of radius r^ about (x,, yi) for which 

l/(a^2, y%y ^) — /K yi, 2o) I > ^ . (8) 



r 
/ 
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We can continue this reasoning indefinitely and have, in general, that there 
exists a circle of radius r^ about (a:„_i,yH-i) and lying wholly within each of the 
preceding circles and that there also exists a corresponding plane z = z«, where 

Zi > % > 28 > > 2J^ > > ^j such that for every point {x, y) within this 

circle the following two inequalities hold 

|/(^; Vj O— /K-i,y»-i,2o)|<(T (9) 

Now as n increases indefinitely, the radius r^ decreases indefinitely and 
approaches zero as limit. The centers (x^, y^ of the circles must at the same 
time approach a definite fixed limiting point (£, y). We thus obtain the follow- 
ing inequalities 

1/(^0, yo, 2t)) — /(^, y, 2i) |< <T (from 3) 

I /(^; y; ^) — /(^l, y\y ^o) |< <T (from 7) 

I /(a^i, Vu ao) — /(^o, yo; 2o) I > ^ • 
If now we choose 0<; <t<; 1/4 J. and combine these three inequalities we obtain 

In a similar manner we obtain the following inequalities 



But the z's are dense at 2 = Sq &°<^ hence we obtain from the last inequality 

lim [/(x, y, zj -/(5, y, 2n-i)]> 1 /2 ^ :#= 0. 

and hence the limit lim /(x, y, z) does not exist at the point (x, y). The 

assumption that/(x, y, Sq) has an (x, y) discontinuity at every point of region 
(B) is therefore false and the theorem is true. 

Bemark 1. — In the above theorem we assumed that lim /(x, y, z) = 

Z = Zq 

f{x, y, zb) for every point of region (A), but we were only able to prove that the 
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limiting function /(a?, y, Zq) is not discontinuous in {x, y) together at every 
point of region (B). As a matter of fact, /(cc, y, Zq) ^^y ^^^^ an (05, y) 
discontinuity at every point of the boundaries of region (A). We show this by 
means of the following example. 

where ice < 10, 0<y<10, 0<2;<10, and lim /{x, y, z) =/{x, y, 0). 

z = 

The value of the limit lim /(x, y, z) is evidently zero for all values of x 

2 = 

and y which make xy integral, for in this case sin nary := 0. But if we let 
2n<[a:y<; 2n + 1, where n is some integer, then for all such points we have 
<; sin nary <C 1. Hence for all such values of x and y 

(l+8inna:yr-l _ ^ " (1 + sin na:yr _ 

^'"^ ^ (1 + sin nxyy^' + 1 ~ ^ n 5— ^^- + 1. 

^ (1 + Sin Ttxyy^' 

On the other hand if we let 2n + 1 < ajy < 2n + 2, where n is a positive 
integer, then we obtain 

(l + 8inna:y)^/--l _0-l_ 
J,^ ^^ + '''' '^)'" + 1 - + 1 - '• 

But when either a or y is equal to zero, then /{x, y, 0) = along the whole 
X-axis and the whole Faxis. Hence /(a:, y, 0) is discontinuous in (a, y) 
together at every point of these lines. 

Remark 2 — In theorem 7 we showed that, for the example there given, 
the (x, y) discontinuity could not be greater than or equal to h at every point. 
We are now in a position to prove in general that, if the function /(x, y, z) 
satisfies the conditions of theorem 7, then the limiting function /(x, y, Sq) cannot 
have an (a:, y) discontinuity greater than or equal to & at a set of points that is 
everywhere dense. For if this were possible, then it follows from theorem 1 of 
section 7 that the function /(x, y, Zq) ^^^ an (x, y) discontinuity greater than or 
equal to k also at the limiting points, that is to say it would have such an (x, y) 
discontinuity at every point of the region. This is however impossible by 
theorem 8 just proved. 
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Theorem 9. — If the function /(a-, y, %) is continuous in x alone and in (y, z) 
together throughout the region 

a<ix<^, yo<y<ym, 2t)<Z<2n, 

and if for every point of the interval a^x^/?, lim /(«, y, z) = /(a, y^, Zq\ 

Z = Zq 

then /{x, t/Qy Zq) cannot be discontinuous in x alone at every point of the interval 
a<x<:f3. 

The proof of this theorem is strictly analogous to that of theorem 8. We 
replace the circles by intervals about Xq on lines parallel to the JT-axis, in a 
manner similar to that employed in theorem 6. 

Theorem 10, — If the function /(x, y, z) is continuous in (x, y) together and 
in z alone throughout the region 

a<x</?, a<:iy<:b, z^<iz<^Zr,, 

and if at every point (x, y) of the region 

a<x<^, a<y<b, (A) 

lim /(x, y, z)=/{Xj y, Zq), then the function /(x, y, Zq) must be continuous 

Z = Zq 

in (x^ y) together at a set of points that is at least dense everywhere in the region 

a<x</3, a<:y<b. (B) 

Suppose that this is not so. Then there must exist in the plane 2 = Sq some 
circle Rq of radius ro greater than zero and lying entirely within region (B)^ such 
that within this circle there is no point for which lim A; = 0, where p is the 

radius of any variable circle about the point and k is the oscillation of the func- 
tion within this circle. Within the circle Rq therefore lim k^O for every 

p = 

point. Hence every point (x, y) within the circle Rq is a point at which 
/(x, y, Zq) has an (x, y) discontinuity. This however contradicts theorem 8, and 
hence the theorem is true. 

This theorem may be extended in a manner similar to that employed in the 
extension of theorem 6 of section 7. We thus obtain the following corollary. 
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Corollary. — If the function / (x, y, z) satisfies the conditions of theorem 10, 
then the points at which /(x, y, z^ is continuous in (a?, y) together form a set of 
the second category, and hence a uon-enunierahle set. 

Theorem 11. — If the function /(x, y, z) is continuous in x alone and in (y, z) 
together throughout the region 

a<a:</3, yo<y<ym, 2t)<2<2», 
and if lim /(x, y, z)=z/{x, y©; ^o) for every point of the interval alx^^y 

y = yo 

Z= Zq 

then /(x, yo9 2^) is continuous in x alone at a set of points that is at least every- 
where dense in the interval a <] a <] ^. Moreover this set belongs to the second 
category and is non-enumerable. 

Suppose that this is not true. Then there must exist on the X-axis some 
interval greater than zero and lying wholly within the interval a<^x<^ ^^ such 
that within this interval there is no point x for which the limit of the oscillation 
of the function /(x, y^^ z^) is zero. Within this interval therefore the function 
/{xy y^y Zq) has an x discontinuity at every point. But this contradicts theorem 
9, and hence our theorem is true as regards the first part. 

The second part of the theorem is proved in exactly the same manner all 
was the corollary of the preceding theorem. 



CHAPTER III. 

Series of Functions of Two Real Variables. 

10. Properties 0/ Series of Functions of Two Real Variahles. — Suppose that 
we have given 

^n {^y y) — ^1 (a?, y) + Ws (a:, y) + ^8 (a, y) + + u^ (ar, y), 

where each u is finite and a continuous function of (x, y) together throughout a 
certain region 

for every value of n (n = 1, 2, 3, ). Since each u is finite and continuous in 

{Xy y) together and since n is also finite, it follows that Sn {x, y) must be finite 
and continuous in (a, y) together throughout the given region. If then for every 
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constant value of x and y of the region, lim S^ (x, y) = ^'(ar, y), then S{Xy y) 

represents a function of (a, y) throughout the given region, and the question now 
arises as to the properties of this limiting function /S(cr, y). 

If we wish, we may consider Sn {x, y) also as a function of the three vari- 
ables X, yy and n. This enables us to apply the results of the preceding chapters 
to the present problem. In order to do so, we define x and y as above, namely 

as any values of 

a<x</?, a<y<b. 

In order to define z we put z = 1/n, so that the z of the preceding chapters 
takes on the values z = 1, 1/2, 1 /3, . . . . , 1 /n . . . . , which is a set of values dense 
at 2J = 0. We then have 

S {x, y) — lim -S^^ (x, y) = lim /(a, y, z), 

W = 00 z = 

where /(x, y, z) = /S^(x, y) for every point (ar, y) of the given region. It follows 
from this that everything which was shown to be true for the limiting function 
/(x, y, Zq) in the case of a function of three variables must also hold for the 
series as defined above. The converse of this is, however, not true, for if we 
have proved a theorem about an infinite series, it does not follow necessarily that 
an analogous theorem exists for a function of three variables. The reason for 
this is to be found in the fact that, in the case of a function of three variables, z 
is defined for all positive values, while in the case of the series it is defined only 
for a set of values dense at z = 0. It may therefore happen that a theorem 
holds for a set of values dense at z =: Zq, where a© <] ^ = ^ + ^o? while the theorem 
will not hold for all values z of the interval zo^ z 2 Zo + ^o- 

From what has been said follows that to the three different kinds of uniform 
convergence o(/{x, y, z) to its limiting function, as they were defined in the last 
chapter, there correspond three different kinds of uniform convergence of S^{x, y) 
to S{xj y). These are as follows : 

(1) If SJx, y) = Wi(x, y) + u^{x, y) + u^{xy y) + . . . . + ti^(x, y) is, for 

every finite value of n, finite and continuous in (x, y) together throughout the 

region 

a<x<^, a<y<b, (A) 

and if for every point (x, y) of this region lim Sn{x, y) = ^^(x, y), then /Si,(x, y) 

n = 00 
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converges uniformly to S{Xy y) throughout re^i^ion (A), if having chosen an aribi- 
trarily small <t > 0, we can then find a positive integer m, such that 

I R,{x, y)\ = \ S,{x, y) - S{x, y) \ <ct, 

when n^m and for all points (a, y) of region (A). 

(2) If Sn{x, y) and S{xj y) are defined as in (1), then SJjXy y) converges 
'^einfach gleichmassig " throughout region (A) to S{x^ y)y^f having :cbosen an 
arbitrarily small <t >* we can then find a positive integer m, such that 

I ii.(x, y) 1 = I S,{x, y) -^ S{x, y) \ <a, 

for some set of integral values n greater than m, which however increase with- 
out limit. In this case the n's do not assume all integral values. 

(3) If SJx, y} and S(x^y} are defined: as in (1), then SJjc^ y) couFerges 
uniformly by areas to S{xj y) throughout the region (A), if having chosen an 
arbitrarily small <t >* 0, there then exists a plane 2 = 1/n and between this plane 
s;= 1/n and the plane s;z=:0 a finite number of planes, and on each of these a 
finite number of rectangles, having their sides parallel to the coordinate axes, 
such that their projections on the plane s = completely fill the region (A) and 
that for every point (x, y) of these rectangles 

\B^ix, y)\=\S,{x, y)-S{x, y)|<or. 

We will now give the theorems that deal with the properties of a series of 
functions of two real variables. Unless something is said to the contrary, we 
shall in every case make the following assumptions about the series : 

(1) SJix, y) = u^{x, y) + u^{x, y) + u^x, y) + . - . • + u^{x, y\ 

a <«</?, a<y<6, (A) 

where w<(«, y), (»= 1, 2, 3, , n) is continuous in (ar, y) together throughout 

region (A) ; 

(2) lim Sn{xj y) = S{x, y), for every constant pair of values (a?, y) of 
w = 00 

region (A). 

From theorem 1 of section 8 we have immediately 

Theorem 1. — ^The necessary and su£Scient condition that S^{Xy y) shall con- 
verge uniformly to S{Xy y) throughout the region 

a <»</?, a<y<b, (A) 

is that at every point (are, ^0) ^^ ^^^ region, boundaries included, the simultaneous 
41 
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limit lim S^{xj y) exists and equals /9(xo, ^o)- 

n = 00 
Example 1. 

Let;y.(x,y)=-^ + r^-^ ^1+---- 

n\ y :fj oy + 1 ^ L4xy +1 xy+lj^ 



r nxy (n — -1)3^ "1 _ nagy 

"*" U'icy + l~(n— l)»xy + lj~n*ay + 1 



where 0<a;<l, 0<y<l. 

In this case the simultaneous limit lim Sn{x, y) exists and equals zero at 

X -^ •iK/0 

every point (x, y) of the region, and hence Sn{xj y) converges uniformly to S{Xj y) 
throughout the region. 

Example 2. 

Let S,{x, y) - ^ + ^i + j + [g^J^ + 8y«+ 1 " x^+y^+lj + ' ' ' ' 

if n^a^y (n — l)»ay "1 

"•" U«x» + ny + 1 (n — 1)V + (n — l)y + 1 J 

fi?xy 

~ n V + ny + 1 

where 0<x<l, 0<y<l. 

Here the simultaneous limit lim SJ^x^ y) does not exist for x = y = and 

a = xb 

y=yo 

n= 00 
hence 8J{xj y) does not converge uniformly to S{x, y) . 
From theorem 1 of section 9 follows : 

Theorem 2. — If ^^^(x, y) converges uniformly to S{x, y) throughout the 

region 

a<x<^, a<y^b, 

then 4S^(x, y) is continuous in (x, y) together throughout the given region. 
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This condition is only a sufficient condition for the continuity of S{xy y) in 
(x, y) together. Thus in example 2 the function S{xy y) is continuous in {x, y) 
together throughout the region given, but Sn{xj y) does not converge uniformly 
to 8{x, y). 

The necessary and sufficient condition for the continuity of S{xj y) in {Xy y) 
together at some fixed point (a\), ^o) of the region follows from theorem 3 of 
section 9. It may be stated as follows : 

Theorem 3. — The necessary and sufficient condition that the function 8{Xy y) 
is continuous in {x^ y) together at a fixed point (scq, y^ of the given region, is 
that having chosen an arbitrarily small (T >* and having some set of positive 

integers i?ii, m^, tng, , m;ti > which increase indefinitely, there shall then 

exist about {x^, y^) corresponding to each nif^ a circle of radius r^ >* (which may 
vary with nij,), such that for all points (sc, y) within this circle 

\S^,i^yy)-S{x,y)\<:a. 

From theorem 6 of section 9 we obtain the necessary and sufficient condi- 
tion that S{xy y) is continuous in (x, y) together throughout the given region. 
The condition may be stated as follows : 

Theorem 4. — The necessary and sufficient condition that S{xj y) is con- 
tinuous in (a, y) together at every point (aj, y) of the region 

a<x<^, a<y<b. (A) 

is that for every arbitrarily small (T^O there shall exist a plane z= 1/n and 
between this plane and the plane z = a finite set of planes parallel to the X T- 
plane, each of these to contain a finite set of rectangles whose sides are parallel 
to the coordinate axes and whose projections on the plane 2=0 completely fill 
the region (A), such that for every point {x, y) of these rectangles 

\8n{x,y)-S{x,y)\<<s. 

TJieorem 6. — If the sum of the maximum values of the terms of a series 
Sn (Xy y) converges absolutely within a given region, then the series converges 
also uniformly. 

The following conditions are given: 

a<x<fi, a<y<b. (A) 



I 
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Here us elsewhere we -confine 'ourselves to the case where ^u^ (x^- y) is^con- 

tilmoiiis m {Xy ^) together ; 

(2)i lim . Sn{Xj y)z=S^y y)for every pair of»valiieB'(a;, y).of region' (A); 
n= 00 

(3) • I ti| {Xf y) I =• if| , where Mi is positive ai>d finite, and this is to hold for 
every (a:, y) of region (A) ; 

(4) 2 -^ converges. 

We are to show that under these conditions S^ {x, y) converge uniformly , 
throughout region (A). 

00 

Since '^^i/j is convergent, we can choose an arbitrarily small a ^^O and 

can then find an m, such that 

(JM«+i + if^+8 +' +^M+p) <6, i> = 1, 2, 3, 

Hencefbrni^ sufficiently large 

for every point (a, y) of region (A). We therefore have at every point of this 

region 

i — S^ {x, y) |< e, wher^ n > m, 

and hence the simultaneous limit lim S^ {x, y) exists at every point of region 

X=Xq 

n= 00 
(A)i boundaries included.. 

From 4 of the hypothesis follows that Sn{x, y) also converges and hence 

by virtue of theorem 3 of section 2 

lim S^ (aj, y). = lim lim S^ (a, y) . 

X ^^ Xq tl =^ 00 X^^ Xq'' 

y.=yQ y^y« 

n= 00 
But Sn {x, y) is continuous in {x^ y) together and hence 

lim lim S^ (a, y) = lim Sn (», y). = S {x^^ y^ 
n=oox=Xo fi=oo 

y — yo 

att every point {x^j y^ of region (A)l The simuhaneous limit therefore not only 
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eiietSy but it also equals the value of the fun^tito at the point, and hence the 
series converges uniformly by theorem 1 of this section. 

In theorem 3 we have given the necessary and sufficient condition that the 
limiting function" A^ (a:, y) is continuous in (a5,'y) together. The question now 
presents itself aS' to whether the limiting function may be discontinuous and, if 
it is discontinuous, how 'often it may be discontinuous: We 'obtnin an answer to 
this question from theorem 7 of section 9. It is as follows : 

Theorem fi. — If S^{Xy y) and S{xyy) are defined as in theorem 1, then the 
limiting function S{x,y) may be discontinuous in (cc, y) together at a set of 
points that is- everywhere dense in the given region, but in this case the (z, y) 
discontinuities cannot all be greater than or equal to some finite positive 
number k '. 

The proof follows immediately from the example under theorem 7 of 
section 9. If in ^this we let. 2 := 1/n, then the example beoomes 

Sn («, y) = 2 i/* • [(^^8 * ' ^^r + (cos * ! ny)^'] / 

02a;<l, 0<y<l. 
From theorem 8 bf section 9 we obtain 

Theorem 7.— If S^[x, y) and S{xj y) are defined as before, then the limiting 
function 8{xj y) cannot be discontinuous in (a?,*^) together at every point of the 
region a'<a;</?, a<:^y<^h. 

From theorem 10 of section 9 we hdve 

IC. Theorem 8. — If S^{x, y) and S{x^ y) are defined as before, then S(x, y) 
must be continuous in (x, y) together at a set of points that ds- at least every- 
where dense in the region a<lx<^^j <i<iy<ih. Moreover this set of points 
is a set of the second category and hence is non-enumerable. 

11. The Integration of Series Term by Term. 

In this section we shall consider the following :question. Suppose we know: 

(1) that S^{x, y) = u^{x,y)+t^{x, y) + Mx,y) +....+ w^<a;,y), and 

that the simultaneous in^tegi^l J ^ j u^{^, y) dxctyetit^ts foi* every fii^ite^ value 
oik. Then the simultaneous integral / [ / S/t{Xf y) docdy^Uso exists for every. 



finite ' value- of k, • where our • region is • defined as 

a<x<p, a<y<b. (A) 
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(2) We have also lim ^S^^ (05, y) = iS (a, y) for every constant pair of 

n= 00 

values (sc, y) of region (A). 

This being the case the question arises under what conditions will the 

integral o{ S{x, y) exist over the region, and if it exists, under what conditions 

will it equal the term by term integral? This is to say, under what conditions 

do we have ' 

X X ^^ ^» (^' y) ^^^ = ^^^ X^fa ^- (^' y) ^^!f^ 

n = 00 n = 00 

Before answering these questions, let us first explain what we mean by the 1 

simultaneous integral. In dealing with a function of two variables we meet 
with two kinds of integrals, the twice-taken or double integral and the simul- • 

taneous integral. 

The twice-taken or double integral is defined as the result of integrating the 
function f{xy y) first with respect to one of the variables, say cc, between the given 
limits (a, ^)^ and then integrating the resulting function with respect to y be- 
tween the limits (a, h). This gives us the integral which is denoted by 

J dyj /{Xy y) dx. The integral in question is equivalent to a double limit. 

The simultaneous integral / I / (x, y) dxdy may be defined as follows : 

Divide the region into a set of rectangles by means of lines parallel to the X and Y 
axes. Then multiply the area of each rectangle by the value of the function at 
some point of the corresponding rectangle, and add the results. We then have 

2 = (xo — a) (yo— «) A^o, yo) + (»! — Oo) (yo — «)/(^i, yo) + 

+ (»,— a:<_i) (y*— y*-i)/(x<,yA)+ .... + (^— ^i-i) (6— y^-O/KyJ 

where /(x^, yj) represents the value of the function at some point of the corres- 
ponding rectangle. Now take the limit of this sum as I and m increase indefinitely, 
while at the same time the dimensions of the rectangles decrease indefinitely. 
We then define the simultaneous integral as the limit thus obtained. The 
simultaneous integral is therefore equivalent to a simultaneous limit. 

In the following pages we shall consider simultaneous integrals as thus 
defined. We must now answer the following question. K the simultaneous 

integral / / 8^ (x, y) dxdy exists, what is the necessary and sufficient condition 
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that the simultaneous integral J^ J^ S{^} V) dxdy shall also exist ? This con- 
dition is given in the following theorem. 

n 

Theorem 1.*— K {I) Sn (a, y) = 2^* (^^ ^^^ ^^^ ^^ values x and y of the 

region 

a<x<^, a<y<h) (A) 

(2) lim S^ (a?, y) =: S (ar, y) for every constant pair of values {x, y) of 

region (A), where both S^ (ar, y) and S{x, y) are finite; 

(3) the simultaneous integral / / /S'n(a, y) {£cc2y exists for every constant 

value of n ; 

then the necessary and sufficient condition that the simultaneous integral 

/ / 8{xy y) dxdy shall exist is that, having chosen an arbitrarily small s^O 

and (T >* 0, independent of each other, and having also chosen an n = nz^ we can 
then always find an m^ > mi, such that for all values (x, y) of region (A), except- 
ing at most for those contained within a set of rectangles finite in number and of 
total area less than 6, and for some number m which may vary with {x, y) but 
where always tni <[ m -< iw.,, we have 

\B^{x,y)\ = \S{x,y)-S^{x,y)\<a. 

This condition may be expressed otherwise as follows: Choose as coordinate 
axes the axes X^ Y, and 1 /n and choose e and <t as above. We must then be 
able to find a plane 1/n = m^ and between this plane and the plane l/n = a 

finite number of planes, l/n -=• mi, m^, m^, / m^, such that after having cut 

out from these within the given region a finite number of rectangles of total 
area less than b, these rectangles to have their sides parallel to the coordinate 
axes X and F, the function Sn{x, y) shall converge uniformly by areas to S{x, y) 
throughout the rest of the region (A), It follows at once from theorem 4 of 
section 1 that S{x, y) must be continuous in (x, y) together throughout the rest 
of the region. If the above conditions are fulfilled, then we say with Arzela that 
SJl^Xy y) " converges uniformly by areas in general " to S{x, y). 

The condition of the theorem is necessary. We suppose then that the 

*See Arzela, « Salle serie di fanzloni *\ R. Accademia dell 'Instituto dl Bologna, 1900. 
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simultaneous integral / / 4S'(x,^)(2x^^existsover the region. The. set of points 

at which S{x, y) has an (x^ y) discontinuity greater than lOr equal to a^ can there- 
fore be at most a discrete set, that is to say, these points must be such that they 
can be enclosed in a set of rectangles finite in number and of total area less 
than 6. Let us denote this set by <i®^, tl§^^ tf\ , tf\ Since now' the simul- 

taneous integral / / Sn{x, y) dxdy also exists on each of the planes 1 /n = 

TOij tUg, the points at which S^ (a, y), (A:= 1, 2, 3, ), has an {xy) dis- 

continuity greater than or equal to <t can form at most a discrete set, and hence 




Fio.lS. 



on each of the planes 1/n = mx, m^j m^y j this set of points can be enclosed 

in a finite set of rectangles of total area less than e. Denote this set of rectangles 

by <i*>, t$\ ^\ , ^^\ for any plane 1/n = m^^. Now let ABCD be one of the 

rectangles t^^ in the plane 1/n = tiii and let its projection on the plane 1/n =: 
be A^B'G'iy. See figure 13. 

We can now assert that if AB^OD does not contain any of the rectangles t^^ 
or a part of such a rectangle, then as we pass from l/n = m] to l/n = in2, ^^ 
l/n= ^8, etc., we shall ultimately reach a plane l/n = wi^, such that the pro- 
jections of ABCD on 1/n^^mj, and on all planes between this and the plane 
1/n = 0, do not contain a rectangle t^'^^ or a part of such a rectangle. In other 
words, we can find a number 1/n = mi, such that for this and all values between 
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this and 1/n = the function S,:{x^ y) is continuous in {x^ y) together throughout 
the corresponding rectangle. Suppose namely that this is not the case. Then 
as we pass through the values 1/n = m^^ m^j mj^ ... .^ we always have a rec- 
tangle in every plane or at least in a set of planes dense at l/n= 0, such that 
this rectangle lies within the projection of ABGD on the plane in question and 
furthermore such that within this rectangle the function Sy,{xj y) has {x^ y) dis- 
continuities greater than or equal to <t. Let us denote the set of rectangles we 

thus obtain by J^, ?J, T^j , 7i, .... Two cases may now arise : either 7i 

has a lower limit T greater than zero or it has the lower limit zero as h increases 
indefinitely. 

In the first case let T^= EFGH {see figure 13). Then no matter how large 
we take Aj, we always have in the plane l/n = wifc a rectangle E'F'Q'H', cor- 
responding to EFGHj such that within this rectangle the function SJ^x^ y) has 
{xy y) discontinuities greater than or equal to <t. Let {xq, y^ be a point of this 
rectangle at which the {x^ y) discontinuity is greater than or equal to <t. Then 
we have for all values of n and for some point (ar, y) of this rectangle 

\S,{x,y) — Sn{x,,yo)\>a. (1) 

Since by hypothesis lim /^^(x, y) = S{x, y), we have also 

n = 00 

\S{x,y)—S^{x,y)\<:i/4c; n>mj,. (2) 

Furthermore since S{xy y) is continuous in (a?, y) together throughout the rec- 
tangle EFGH, we have 

\S{x,,y,)-S{x,y)\<llAa. (3) 

Combining these three inequalities we obtain 

I ^n(«b; yo) — ^(a?o; ^o) I > 1/4 <T ; n > Wfc. (4) 

Inequality 4 however contradicts the hypothesis that lim SJ^x^ y) = S{Xy y) 

n = 00 

for every pair of values (x, y) of region (A)^ and hence the assumption we made 

is false. It therefore follows that, if we have in each of a set of planes dense at 

1/n = a rectangle of lower limit T^ 0, within which the function S^{Xf y) has 

an {xy y) discontinuity greater than or equal to <t, then the function 8{Xj y) has 

such an (x, y) discontinuity within the rectangle Tin the plane l/n = 0. 

Suppose in the second place that the limit of T is zero. We have then in 

the plane 1 /n = m^ a rectangle T^ withiu whiqh any {x, y) discoutinuity of 

42 
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S^{x^ y) is greater than or equal tocr. Furthermore as « increases indefiDitely 
the area of this reotangle approaches zero. Let this occur at the point {xf, yf) • 
and let {xf\ j/^) be any other point of the rectangle ^ 7^^ • If now we drop a per- 
pendicular from (a/', y") to the plane l/n = 0, then one of two things will 
happen ; either there exists a plan« lln=-mj^^ such that the perpendicular doee- 
not meeta rectangle t^^^ in any plane l/n=: nij between l/n=:i w* and 1/n = 0, 
or no-matter what plane l/n=zmj, we choose^ the perpendicular will always xneet^ 
a rectangle tf^. We must now show that in the latter case the perpendicular: 
also- meets one of the rectangles^^^ in the plane l/n=zO^. We assume* that the* 
perpendicular meets a rectangle <^*^ in every plane 1/n = tw^^. Then, for every: 
point of this rectangle 

l^->,y)-'S'«,K,y'/)l>«T. (I) 

Since moreover lim Sj(ps, y) = S{x, y) for every point of region (A), it follows 

that *»= « 

\S{x,y)^S^J,x,y)\^\/A<! (2). 

for everj m^ greater than some m'. Likewise 

\S^y,y")-8{^>,f)\<\l^a (3) 

for every m^ greater than some m". Let m!' ]> m'] then for every m^ greater 
than m!\ (1), (2)^ and (3), may be added and hence 

\S{x,y)-S{;>!>,y")\>l/^<, (4) 

for every (a, y) of some rectangle about (a", y'^) in the plane l/n= 0. Hence - 
8(xj y) is discontinuous in {Xj y) together, at {d\ ^ ) and the perpendicular from 
(a/', y) therefore must meet one of the rectangles t^^^ in the plane 1/n := 0. In 
a like manner we can prove that the perpendicular from (a/, y') meets one of the 
rectangles t^^^ in the plane 1/n = 0. 

We are now ready to complete the proof of the. original theorem. In order 
to do so, let us cut out from the plane 1/n = all the rectangles <^^\ that contain 
the points at which S{Xj y) has an {xj y) discontinuity greater than or equal to a» 
As has been shown, this set of rectangles is finite in number and of total area 
less than e. Lines through the vertices of these rectangles parallel to the 
X and T axes divide the remaining part of region (A) into a finite number of 

rectangles. Number these 1, 2, 3, ^ q. Now consider rectangle number 1* 

From'what has been proved it follows that there must exist a plane Ijncz mj^ 
such that for this plane and for all planes between this and the plane 1/n = 
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' ibe fiiDotion vS^ar^«9^) is eontinuociB ia (a:, y) toother . throughout the t rectangle in 
questioD. Heiiee by theorem 4 of section 10 the. function Si{x, y) converges 
uniformly by areas to S{xy y) throughout this rectangle. In a like manner we 
prove that the function /Sij(x, y) converges uniformly by areas to S{Xj y) 
throughout each of the remaining rectangles 2/3^ . . . .^q. We' have tiius shown 
that^ after we have cut out from region (A) a finite number of rectangles of total 
area' less than f, the function Sj,{xy y) converges uniformly by areas to ^{xy y) 
throughout the rest of region (A). This proves that. the condition of the 
theorem is necessary. 

The condition is also sufficient. By hypothesis then S^ix^ y) converges 
uniformly by. areas to 8{xj y) throughout region (A), excepting at the points of a 
finite number of rectangles of total area less than e. We can therefore choose 

:at pleasure, a plane \ln^:=^m^ and there will then ezist between this plane -and 
the plane l/n:=^ a finite number of planes having the following properties. 
From these planes, including the plane 1 /n = 0, are cut out a finite number of 

rectangles, ti, t2, ^sy ; tp, of total area less than 8. These rectangles must be 

such that, fnom some m, on, their projections on the plane l/n.= cannot com- 
pletely fill regicm (A), otherwise the function S{x, y) would be totally discon- 
tiauous in {Xyy) together throughout region (A). In the remaining partof eaefa 
plane there exists a finite number of adjacent rectangles (each of area greater 
than (? >0) whose projections on the plane 1/n = completely fill the remain- 
ing part of region (A), such that for every point (x, y) of these rectangles 

\S^{^.y)-S{x,y)\<:a. (1) 

Let us denote Si^x^ y) for the points of these rectangles by K{xj y). Then the 
following inequality always is true 

\K{x,y)-8{x,y)\<c. (2) 

Moreover the simultaneous integral / / K{xy y) dxdy exists throughout the 

region for which K{xy y) is defined. Now consider the identity 

S{x, y) = E{x, y) ^S{x, y) — K{x, y), 

•which holds for all points (ac, y) for which K{xfy) is defined. Tn the right 
member of this identity K{xj y) may have an {x^ y) discontinuity greater than 
or'equal to a only at a discrete set of points. The function [^S{x^ y) — K{xy y)] 
can have suclL.an (x, y) discontinuity only at points of the rectangles 
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It follows from this that the sum K{x, y) + S{Xy y) — ^(a, y) can have such 
an {Xy y) discontinuity only at a discrete set of points. This being the case^ it 

is at once evident that the simultaneous integral / / S^x^ y) dxdy exists. 

The theorem just proved holds also in the general case of a function of three 
variables, the proof being similar to that just given. 

Having thus obtained the necessary and sufficient condition that the simul- 

taneous integral / / S{Xy y) dxdy exists, the next problem is the following. 

If the simultaneous integral 

exists for every point [xj y) of region (A) and if it is finite and continuous, under 

what conditions will the simultaneous integral lim / / S^ (x, y) dxdy exist 

n = 00 
and equal 9 (x, y) ? 

We have here two cases to consider. For every fixed value of n but for a 
variable pair of values (a, y) the function | S^ (ar, y) \ has an upper limit (? >• . 
This (7 is a function of n, if we consider n as variable. Then we have the fol- 
lowing two cases : 

(1) Q has an upper finite limit (T' as n increases indefinitely; 

(2) G has no finite upper limit as n increases indefinitely. 

These two cases give rise to different conditions which are stated in the fol- 
lowing theorems. Arzela* has proved the analogous theorems for a series of 
functions of a single variable. The proofs given below are generalizations of 
Arzela's proofs. 

Theorem 2.—lf8^{x, y) = ih{x,y) + u^{x, y) + u^{x, y)+ + w^(a, y) 

pfi pb 
where each of the simultaneous integrals / / U/^ {x, y) dxdy exists throughout 

the region 

a<x<fi, a<y<b, (A) 

and if also lim S^ (a?, y) = S{x, y) for every (a?, y) of region (A), and if for 

W = 00 

every constant value of n and for every (a?, y) of region (A) we have S^ (a, y) -< Q^ 

*Cf. Areola: "Salle aerie di fuDEionl"; R. Accademia dell' Initituto di Bologna, 1900. 
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where G is finite^ then the necessary and sufficient condition that the simultaneous 

pp pb 

integral / / S{x, y) docdy shall exist at every point of region (A) and that at 

the same time 

pfi pb pfi ph 

Ja J a ^ (^' y) ^^y — ^^^ J a J a ^^ (^' y) ^^y 

n = oo 

is that S{xj y) shall converge uniformly by areas in general to S{x^ y) through- 
out region (A). 

That the condition is necessary follows immediately from theorem 1 of this 
section. 

The condition is also sufficient. By hypothesis therefore S^ (a, y) <^0 for 
every constant n and for every (a:, y) of region (A). Hence, since lim 

\S{x,y)-8,(x,y)\<:2G (1) 

so that S{xj y) also has a finite upper limit. Let us now choose independently 
of each other an arbitrarily small c <[ and £ <] 0. Since S^ (a?, y) converges 
uniformly by areas in general to S {x^ y) throughout region (A), we can find 
an s such that the points at which 

\S{x,y)-S.^,{x,y)\la, (;> = 1, 2, 3,. . . .) (2) 

form a discrete set, that is they can be enclosed in a finite number of rectangles 
of total area less than b. Consider now the function [S{xy y) — /S', + p(a, y)]. 
This function can evidently have an (x, y) discontinuity greater than or equal 
to 1/2(T only at points (x, y) for which (2) holds, that is at a discrete set of 
points, and this is true for all values of p. Hence the simultaneous integral 

/ / [/S, + p (flc, y) — S{Xy y)] dxdy exists. Moreover the value of this integral 
is less than or at most equal to {x — a) {y — a)a + 20 e. Since by hypothesis 

the simultaneous integrals / / ^,+j,(aJ, y) docdy and / / S (x, y) dxdy also 
exist for any (x, y) of the region, we have 

X fa ^•+i> (^; y) ^^y—f.£^i^t y) ^^y=£Sa i^*^p (*> y) 

— S{^} y)] ^^a% < («— a) (y — a)(r + 2(y6< ^. 

p^ p^ p^ p^ 

Hence we obtain in the limit lim / / 8^ (x, y) dxdy =i I I S (x, y) docdy, 

n= 00 
which was to be proved. 
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iBell»re takings up the- case wbeve '^ has na npfH^r finite limit^ we* muBt first 
prove a couple of lemmas. These theorems were first proved by Scheefifer* for a 
function of single variable. 

Lemma 1. — li F{x^ y) aad/(a;, y) are two functions of x and y which are 
continuous in (ar, y) together throughout the region 

a<»</3, a<y<b, (A) 




FjG. 14. 

and if for every point (x, y) of this region two corresponding difference quotients 
are always equal, that is if 

F{x + h,y + h)-F(x,y'{'k) — F{x+h,y) + F{x,y) _ 

/(x + ^ y + fe) —/{x, y+Jc)-f(x + h, y) + f{x, y) 

hk 

these values being finite, then F{x, y) and /(x, y) can differ at most by a con- 
stant quantity. 

In order to prove this, we consider the-function 

4 (x, y) = c (x- a) (y - a) + F{xy.y) -/(x, y) - lF{a, a) —/(a, a)]. (1) 

Let DF{xy y)j D/{x, y), and Z)iJ/ (x, y), be the correaponding difference quotients 
and let c be any positive quantity. Then ^ (x, y) can never be negative in the 
region (A). In order, to prove this we * assume .the contrary and suppose that 
^'4'(X;y) can be negative. at some ; point ,(x, y) of the given region. Let this be 
the point C and consider now the rectangle A (a, a), B (x, a), C (x, y), D (a, y), 
see^ure 14. 



s.' 



•Of. L. Scheeffer : Acta MathemaUcft, VoL 6 (1884), pages 84 and 188. 
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Within this rectangle the points (a/, j/) at which (x, y) is not negative are 
such that the absolute value of V [x^^ + y^ has an upper limit which is finite. 
Suppose that this occurs at the point (H, y') =^E. Since ^{x^ y) is continuous 
at every point of region (A) in (x, y) together, it follows that i^^, yO = 0« 
But t! ^x and yf <iy^ Moreover we have for every point of the rectangle 

4'(aj, y) — 4'(i?, y') = 0- 

Pjrom this follows that />4'(a', y') = 0. On the other hand, Df{xy y) and I>^{Xy y) 
are both finite, and hence we have from (1) that IH'{Xj y)^=^ c for every point 
(ar, y) of region (A). This last statement is surely true for 

D^(x, y) = Dc{x — a) (y — a) + DF{x, y) - Df{x, y) = Dc{x — a) (y - a). 

But Dc{x — a) (y — a) = c. We are thus led to a contradiction, and since this 
holds for every positive value of o, it follows that {x, y) can never be negative. 

2«°^« F{x, y) -Ax, y) - [^(a, «>-/(«, a)J 

cannot ever be negative. In a like manner we can prove that this difibrence 
cannot ever be positive and hence it must be zero. This proves the lemma. 
This lemma may be extended as follows : 

Lemma 2. — If the conditions of lemma 1 hold, with the exception that the 
two difierence quotients are not equal to each other at an enumerable set of points, 
that is,' are not everywhere dense in any sub-region of region (A), then the two 
given functions can difibr at most by a constant quantity. 

Let Z be a set of exceptional points, and suppose that L is not everywhere 
dense in any sub-region of region (A). We then have a set D of sub-regions d 
which do not contain any of the exceptional points, and we can thus determine 
a closed set of points G, with respect to which L is everywhere dense. lii every 
sub-region d the preceding theorem holds, so that for every sub-region d^ contained 
wholly within d the difierence -F(x, y) — /(«, y) is constant. But this difference 
is continuous in (x, y) together and hence it follows that it is constant also in 
the sub-region d. If this is so, then F{xy y) — /(«, y) is either a constant or it is 
'^ streckenweise '' discontinuous. (See Schoenfiiess : Punktmannigfaltigkeiten, 
p. 166). If L is enumerable, then the above difierence is constant, while if L 
has the ^'Machtigkeif of the continuum then this difference is ^'streckenweise^' 
discontinuous. This proves the lemma. 

We are now ready to take up oar final theorem. 
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Theorem 3. — If we have 

^«(^> y) = ^(^y y) + W2K y) + V^?, y) + — + w,(», y), 

where lim SJi^Xy y) = S{xj y) for every (ar, y) of 
n = 00 

a<x<P, a<y<b, (A) 

and if /S(x^ y) is completely defined and is always less in absolute value than 
some finite quantity^ and if both the simultaneous integrals / / S^{x, y) dxdy 

and / / S{x^ y) dxdy exist, then the suflBcient condition that 

n = 00 

where / / S{Xj y) dxdy is finite, is that the set of points (a/, j/) for which we 

cannot assign a circle of radius r >> and an integer m, such that for every point 
(a?, y) of this circle and for every ny^my 

\S,{x,y)\<:G ((y finite) 

is enumerable. 

In this case we have in the plane \/n'=iz certain points (x', t/) in whose 

neighborhood SJ^Xy y) does not have a finite upper limit. About such a point 

as center we can therefore construct a circle of radius r >^ 0, apd at the same 

time find a plane 2 = l/m„ such that for every point (x, y) of this circle and for 

every value of jp =1, 2, 3, . . . . , 

l'S-.+,(a',2/)l><y. (<? finite) 

This set of points (a/, y^) must evidently be a closed set, for it is a set for which 
the limit of the oscillation h is greater than some fixed finite number. We have 
now by hypothesis 

fJi^ (^' 2/) d«<^ = ^ (^> y) 

and 

*™ Ja Ja^- (^> 2^) ^^^y — *o (^' y^ • 

n= 00 

Now let (a, y) be some point not belonging to the set (a/, y'). There exists then 
about it a circle of radius r >- for which 
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Consider now the ratios 

e{x + k,y + k)-^eix + h , i /)-e{x,y + k) + e{x,y ) 

hie 
and 

4>o(ag + h,y + k) — ^t{x + h, y)—^o{x, y + k) + ^{x, y) 

hh 

where {x •\- h, y ■\- h) \b \xi h^ a point of the above circle. Choose an arbitrarily 
small A. ^ ; we can then find a plane z = l/m„ such that for every value of 
i* ~- 1> 2, 3, . . • . 

4>o (« + ^> y + ^) — 4>o (» + ^, y) — 4>o(a'> y + ^) +^(g> y) _ 

».,-n> {x -\r h, y Jt h) — »»,+p (» + ^, y) — »m,+p (a?, y + ^) + 4>«.+f («?> y) , 

Kk ■•■ 

-l<f*<l. 

since lim ^» +, (», y) = 4>o (», y) for every point (x, y). But we have by 
n= 00 

hypothesis 

»■>, +1. (g + ^ y + ^) — 4>». +p (* + ^> y) — »», +p (a?> y + fe) + »■>,+, («, y) _ 






where X is independent of x, y, h, and k. Since now | iS'» (x, y) | •< ^ ftt the 
points in question, it follows from theorem 2 that 

. i 8^^^^{x,y)dxdy=lfKkl J^ S (x, y) dxdy + fi' ^ 
Hence 

»o(« -f ^> y + ^) — »o (g + ^, y) — 4>o K y + ^) + »o(g, y) — 
^/** jT^X^''^^'^' y) <i«iy + /<*'^ + /xJt 

_ e(g + A,y + A;)-e(a; + A,y)-e(x,y + A!) + 9(x,y) , ., .(i') 
- M + ^\t^ + x\- 

43 
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which holds for every x, a? + A, y, and y + fc, determined as above. We thus 
obtain two different quotients which are equal to each other at all points of 
region (A), excepting at a closed enumerable set of points^ and hence by lemma 
2 they can differ from each other at most by a constant quantity. Hence 

^0 («, y) = ^ («, y) + constant. 
But 

♦o(«, y) = e(a,y) = 
hence 

^o(«, y) = 6(», y), 

which was to be proved. 

By a proof similar to that just employed^ we can show that the theorem 
holds also when we replace the function S^ {x, y) by the general function /(a;^y, 2). 
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